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PREFACE TO TRACT NO. III.

This Tract takes up the general Theory of Invariants.

It is published in pursuance of a purpose, announced in

the first number of this series, to give an account of the

principal new methods, processes, and extensions which,

since 1841 , have been introduced into the study of Ma

thematics. The chief requisite to this undertaking, which

undoubtedly is one of considerable magnitude, is evidently

a sufficiently comprehensive reading upon these various

subjects.

The English, German, French, and Italian Mathema

ticians have contributed to their journals and learned

societies innumerable memoirs and treatises, whose value

and bearing upon the matter in hand the reader cannot

determine without some degree of careful examination .

It also frequently happens that the time consumed in

tracing a fugitive paper is in inverse ratio to its impor

tance.

The reader who wishes to read fully upon this Theory

may adopt one of two methods. He may begin at the be

ginning, reading in order of time the papers of its chief

authors and expounders, commencing with the essay of

the late Dr. Boole in the Cambridge Mathematical Jour
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nal for 1841 , and follow this with the numerous papers of

living authors - Sylvester, Cayley, Hermite, and Salmon

papers extending through the subsequent volumes of the

Cambridge and the Cambridge and Dublin Mathematical

Journals, and the Philosophical Magazine, together with

the various contributions of Clebsch and Aronhold , and

others, in Crelle, from Vol . 39 to Vol . 69. Or he may
take

a reverse course, beginning with the Lessons of Salmon,

and those of Serret, on Modern Higher Algebra, which,

as compends of this and connecting Theories, are in the

main works of great excellence, though oftentimes not as

clear and satisfactory as could be desired, or as full and

explicit as may be found elsewhere ; and then he may

extend his reading to the Journals above mentioned ,

together with the proceedings of the contemporaneous

societies — as the Philosophical Transactions, Comptes

Rendus, &c . But, whatever course he may take, he will

doubtless never be able clearly to determine to what

authorship he is to ascribe some parts and illustrations of

the Theory

The best reading -room for this work , so far as I can

judge, after an experience of nearly two years in European

libraries, is that of the British Museum.

In view of the extensive literature upon this subject,

it may be asked, what can be accomplished by a work of

the size of this Tract ? Its actual value, evidently, remains

to be seen ; but I believe that within these pages the

reader will find such an account of the Theory as will

enable him to gain a knowledge of its principal proposi

tions, and also to judge, from the explained applications,
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of its real value in Geometry. The computations of In

variants, Chapter IV., will afford such a guide in the

various applications that he will probably be at little loss

in extending them at his pleasure. I have been desirous

of making these calculations so fully, that no one with a

fair geometrical knowledge need fail of understanding

how each result was obtained . Nowhere else can such

work be found in so elementary a form , and for this

reason I hope it may prove acceptable to those persons

whose time and opportunities of study are somewhat

limited, and to those also who are unwilling to obtain and

to read the larger works.

In reviewing the notes which I had taken of the prin

cipal contributions to this Theory, I found that I had fre

quently omitted the proper credits, either through sheer

neglect, or want of sufficient knowledge ; and hence, with

out attempting to supply these omissions, as could not

well be done in the absence of the books and journals, it

was concluded to omit them nearly altogether.

The number of persons who have obtained the preced

ing Tracts of this series, and who have expressed them .

selves in terms highly favorable to their publication, is

deemed sufficient evidence that they are meeting a public

want. One thing which was expected has certainly fol

lowed ,-a goodly number of my countrymen have been

awakened to look, for the first time, upon a vast un

traversed domain of mathematical knowledge. To these

persons, at least, there can be no doubt as to the direction

of the goal . It is now clearly and definitely fixed that

mathematical researches will, for a long time to come, be



viii PREFACE .

1mainly conducted through the media of methods and

processes, to whose exposition these Tracts are devoted .

The time is not far distant, if it has not already arrived ,

when a knowledge of these subjects will be considered as

necessary to the equipment of a mathematician as the

Calculus. It is not meant by this, that it is the duty of

every mathematician to make a specialty of algebraic

forms, either with or without their geometrical interpre

tation . But it is meant that the modern treatment of the

Higher Geometry should be studied as a part of the genera

preparation necessary to a student of Physical Science .

1

W. J. W.

CAPE May Point , N.J.;

April, 1879.

1
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INVARIANTS.

CHAPTER I.

PROLEGOMENA.

1. The Theory of Invariants, as will appear, is based upon a

knowledge of the General Theory of Equations and several of

its later important extensions. Some of these extensions must

be stated, because , although perhaps familiar to the reader as

commonly or formerly expressed , they may not be easily

recognised in their modern dress or terminology; others,

because they have no existence outside of their present form .

3

2. Symmetric Functions. If the general equation be

gyon + a2-1+ a,2*-+ ag aon - 3 + & c . = 0,

the Newtonian formulæ give us

8 , = -an, S , = a - 20g,,

S = -ai + 3a,ag - 3ag, &c. ,

or , as they are written by Hirsch, Cayley, and others,

Σα
- Clin,

Σα? a - 2az; Σαβ Ag,

Las = -ai + 3a,& g - 303,

Zaß = -a ag + 3ag,

Σαβγ = -ας, & c. ;

in which we have expressed the sum of the roots and the sum

of their products by twos, by threes, &c.

2

3. If we consider any one of these products, as ayda, we say

that its weight is 1 + 2, or, in general, that the weight of any

term is the sum of the suffixes. Looking at these functions,

B



8 INVARIANTS .

1

however far we may extend them, we see that they are sym

metrical as to weight. The order is estimated by the number

of factors in each term . Hence a,a , dg is of the third order,

and its weight is 1 + 2 + 3 . This being stated, it is easy to

see, by inspection of the several functions written above, that

the weight of Sa'f " is t + u , and the order the greater of t , u .

The order of Laby (being the sum of the products in threes)

can evidently be, so far as the coefficients of the given equa

tion are concerned , only unity. If, therefore, we regard a as

the leading root, appearing in every function, we might predi

cate the degree of the function upon the degree of a . In this

case any symmetric function of the pth order must contain

more or less terms involving a '. There will then be P factors

each including α . Hence Σα”, Σαβγ are each of the third

order in the coefficients of the given equation ; that is, the

highest order in any term is three. In general , then, the

order of any symmetric function is determined by the highest

degree in any one root, while the weight is estimated by the

total degree of the roots as factors. The literal part, then, of

any symmetric function can thus be at once written out. For

the sake of clearness , it is necessary to notice that the functions

of roots in this manner may be expressed in terms of the

coefficients of the given equation, as will be seen by solving

the linear equations just written for Sı, Sa, &c.; and, con

sequently, any function of the differences of roots can be

expressed in the same terms.

3. Symmetric functions of the differences of roots. These we

shall see are invariants. For the present let us consider what

relation such functions ought to satisfy. We begin by obsery

ing the effect upon the coefficients of the given equation of

increasing or diminishing all the roots by the same quantity.

There will plainly be no change in the resulting functions of

the differences of roots. Let then æ + 1 be substituted for x,

and wehave

Un + a,+nl) 2-1

+ [az + (n - 1) la , + in ( n - 1) 12] 2* -? + &c. = 0.

1

1

1
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Next, observe the form of any function f of the coefficients

az , az, az, &c. , when dy, dą, &c. are changed into an t day,

an + day, & c.

This form will be

s+ [da dan +
df

da, da , +& c .1+ 1.2 [ (da,3+ &c(da ) + &c.] ... ( 1 ) .da

But, by the substitution of x + 1 for x, ay becomes az + nl, and

a, becomes az + (n - 1 ) la, + n (n- 1 ) 22.

Clearly, then, if this substitution were made in
any

function

of the coefficients 01, 02, &c. , and the result arranged with

reference to l, we must have, by ( 1) ,

f +l [r ain+ (n -1) ,
df

+ (1-2) ds dasda ,
+ &c. = 0.

This is true whatever / may be.

Let l = 0, and we have, as the condition which
any

function

of the differences will satisfy,

n

dfdf

+ (1-1 ) ay
da, da,

+ (n - 2 ) ag
df

da ,

+ & c. = 0.

This relation is both necessary and sufficient in order that the

given function of the coefficients should remain unchanged by

the substitution of x +1 for x in the given equation.

We can now write, not only the literal part, but the coeffi

cients of any symmetric function . For instance, if we are to

form 2 (B-y) , we see that its order is 2 and its weight 2.

There can be no more than two factors in any term, while the

weight for each term must be 2. It must be of the form

Aag+Baz. By the above differential equation,

[A (n- 1) + 2nB] a = 0.

n- 1

>This gives B = when A= l ; or the function can
2n

differ by only a factor from (n - 1) a - 2nay.

B 2
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We may see that this factor is unity by supposing y = 1

and the other roots 0 ; then ag = 0 ; and a = 1, since

a + B + & c. = 21, and a (B + y+ &c.) +by+ &c. = az

or

4. The homogeneous equation

(ao, a an) (x, y)"

202" + na,ah-ly + in (n - 1) 2,2 "-2y + ...... + any* = 0

reduces to the general equation of Art. 2 by dividing by any ”.

And it is plain that the differential equation of the last Article

will undergo a corresponding change . Hence, for the substi

tution of a +1 for x, we must write

df df
+ 2a , + 3a , + & c. = 0,

da ,

while for the substitution
y + l for y it must be written in a

reverse order, that is,

df df
- + (n - 1 ) 29 dayndry + (n— 2) as +&c. = 0.

alo

df

dag da ,

df

da da ,

20

5. The symmetricfunction of the homogeneous equation in
y

Suppose a one of the roots, then = a. That is, any system

y

X
of values, as = a, in other words, any ratio which is = a,

Yı

will satisfy the homogeneous equation. Or, we may state it

thus : any symmetric function expressed in terms of its roots,

as & , W, X3, &c ., may be reduced to the corresponding func

tion of a homogeneous equation of the same degree, by dividing

each 21, 22, &c. by Y1, Y22 & c., and then multiplying this

result by any power of yıym, & c. that will clear it of fractions.

Hence we may write any function of the differences as the

sum of products of determinants

Xı Yı Х X Y1 & c. * (yy, & c.)",

22 Y2 X Y ,
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where n = the variable power necessary to clear of fractions.

Thus, to form for (a, b, c, d) (x, y) the sum of the products

of the squares of the differences of the roots, we have the

ratios, or roots ,

X1 X2 X₃

Yi Y2

2

Y3

that is,
2 2

ХΣ | , JJ1

xq Ya **
22 Y2

æg Y3||
ез уз

Xi Yı
|

In this case the order is 4 and weight 6.

The form is therefore

Aaž do + Bagagają .+ Cazai + Dazao+Eaža (1 ) .

da ,

d d d

Operating with do +20 + 3a2 we get
da , dag

(B+ 64) agagaž + (30+ 2B) aga; a

+ (2E+ 6D + 3B) a ajdo + (4E + 30) aza; = 0,

which gives us, taking A= 1 , and equating each term to 0,

B = -6, 0 = 4, & c.;

or, since do = a and az = d , we have

a’d? - 6abcd+46'd + 4ac3 — 36 c".

The result would be the same had we required the product

of the squares of the differences

(a - 3 ) (B - ) (y-a)?.

The order being the same, 4, and the weight also 6, the form

would be

Aaž + Bazagaz + Cagai + Da + Eaža .

To render this homogeneous, as if derived from a homo

geneous equation in x, y, each factor must be divided by do,

and the whole multiplied by the highest power of ay in any

denominator. It would then be identical with (1) .
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6. The eliminant* or resultant of a system of equations is

that function of the coefficients whose vanishing expresses

that the equations are simultaneous. If we have as many

independent equations as we have variables , we can ordin

arily, by direct elimination, arrive at such a function freed

from
any of the assumed variables. This function is generally

indicated by A.

7. Eliminant by symmetric functions.The product of the

several roots of an equation is a symmetric function, as Eaßy

or Ea’ß. If we have a, b, y as the roots of the equation

f (2) = 0, and a, v % as the roots of fi (x ) = 0, then, since

they have a common root a, the eliminant condition is involved.

If the first set of roots be substituted in the second equation,

fi (x ), the result for the value a will vanish ; therefore the

continued product

fi (a ) xfi ( 6 ) xfi (7)

will vanish ; and consequently will conform to the definition of

an eliminant , since it is plain , being a symmetric function of

the roots of f (a), it can be expressed in terms of the given

coefficients of f (x ) = 0 and fi (a) = 0 , however they may be

written .

From this it is seen that the eliminant is a function of the

differences of the roots of the two or more equations.

If the equations are homogeneous, f (x , y ) = 0, fi (x, y ) = 0 ,

they may be treated as non-homogeneous by dividing each

equation by the coefficient of the highest power of x and the

highest power of y . To illustrate this form of operation, let

us find the eliminant of

ax' + 2bxy + cy` = 0 ( 1) ,

azu ? + 2bay + cy:= 0 .. . (2) ,

>

* Thus a 0

land
5

0,
6

aici

are determinant expressions for the eliminants of

ax ? + b3 + c = 0
and

0px + b = 0

ax + b

aqx + bqx +41 = 7 respectively.
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or, written in the non -homogeneous form ,

z + nz + n =0, za + mz +m, = 0.

The symmetric function is then

(u ' + ma + m ) ( 82+ m 3 + m ) = 0,

or

a’3 + maß (a + B) + m, ( a ’ + ?) + m’aß + mm , (a + B) + mi = 0,

But a ' + ' = n-2n (Art. 2 ) , aß = n , a +b = -n.

Hence ( 17 - m , ) ' + ( m , n ) (n , m - nm ,) = 0.

Giving m, n , m , n, their values, we have

C
25 26,0

+ = 0,
di ai au,

( ca - ca ) ' + 4 (ba - ba ) (bc - bc ) = 0,

the eliminant. This method is useful in this place simply as

an exercise in symmetric functions . In practice, it would be

far easier to eliminate directly.

or

8. The order . - By inspecting this example and others, we

are enabled to determine inductively the order of the eliminant

in the coefficients. The symmetric function consists of as many

factors as there are units in the degree of the first equation,

but each of these factors involves the coefficients of the second

in the first degree. On the other hand, the entire product

consists of the several symmetric functions of the roots of the

first equation, and the highest degree of these is the same as

that of the second equation ; hence it is evident that the orders

of the coefficients in the eliminant are the same as those of the

given equations, but taken in an inverse order ; that is, the co

efficients of the first equation have the order of the second, and

the contrary.

If, for instance , there were three homogeneous equations in

three variables of the 2nd , 3rd , and 4th orders, then the eliminant

would be a homogeneous function of the 12th order in the co
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efficients of the first equation, of the 8th in those of the second,

and of the 6th in those of the third.

9. The weight.It is not so easy to determine the weight. But

we may begin by considering that the eliminant is a symmetric

function of the differences between the roots of the first and

second equations expressed in terms of their cofficients, and

then the number of these differences is equal to the product of

the orders of the equations. If we multiply each root by any

factor as k, we do, in effect, multiply each difference by k ; and

consequently, the eliminant, which is the product of these

differences, is multiplied by k to a power equal to the product

of the degrees of the equations. Now, each root in the

equations

Ap2 "+ nayah -ly + żn (1-1) agan-2y ++&c . 0

boxem + mb am -ly + ìm (m- 1) beam –2y + &c. = 0 ... (2) ,

will, it is evident, be multiplied by k when we multiply an, bz ;

Qg , bą ; by k, k , &c.; and therefore each term of the eliminant

would involve k to the mnth degree. In this manner we can

readily determine the weight of each term , which we shall find

to be constant, that is , mn for each term .

..... ( 1) ,

10. It is easy to see, from the definition of an eliminant and

from the results of (Art . 3) , that the eliminant must satisfy

the differential equations there given ; or, if referred to equa

tions (1) and (2) of the last Article, must be of the form

da ад da da

+20, + 3a , + &c . + b + &c. = 0,
dai dag db

where A represents the eliminant of equations (1) and (2) .

do

dag

11. The eliminant of three equations in three variables.-The

eliminant vanishing, the equations are simultaneous. This can

be brought under the system of two equations. For, solving

between any two equations, and substituting these values in

the third, the product of these substitutions must vanish , since,

by hypothesis, there is a community of values between the
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different sets , the number of which must equal the weight of

the eliminant of those two equations, that is, the product of

their degrees . These substituted successively in the remaining

equation, and multiplied together, will furnish the requisite

symmetric functions by which the coefficients of the solved

equations may be expressed, which gives the eliminant whose

weight is equal to the product of the degrees of the three

equations . For four equations we proceed in the same manner,

solving for three and substituting these values in the fourth .

12. In reviewing this method of elimination, it will be seen

to be of the widest generality, and all its results susceptible of

very satisfactory proof. It is not introduced for any use in

actual elimination , but that the reader may here avail himself of

important assistance in the study of the Theory of Invariants.

13. The reader interested in determinants will naturally

seek some form for elimination by this method . That of Euler

leading in this direction is of high theoretical value. Two

equations, homogeneous or otherwise, are supposed to be satis

fied by a common root of the first degree ; then the first, multi

plied by all the remaining factors of the second , is evidently

equal to the second multiplied by all the remaining factors of

the first ; as, if we have

2 * - (a + b ) x + ab = 0,

** -- ( a + c ) < + ac = 0 ,

then ( « —c ){x- (a+ ) x+ab } = ( x - 1 ) {x * — ( a + c) æ + ac} ;

or, in general, if we multiply the homogeneous equation

f (x, y ) = 0 by any arbitrary function of a degree one less

than fi (x, y) = 0, and the latter by any arbitrary function

with a degree one less than the former equation, and then

equate term to term , we shall have a number of equations

equal to the sum of the degrees of the two given equations,

and the eliminant will of course appear in the form of a deter

minant.
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To eliminate between

ax' + 2bxy + cy ,

azx3 + 3bæʻy + 30,.cy’ + dys :

(kx² + klæy + ly :) ( ax? + 2bxy + cya)

= (k x + hy ) (aw* + 312'y + 3c « y* + dy ) ;

equating like terms,

ka -ka, = 0,

202 + kla - 37,6 , -19, = 0,

kc + la + 2klb – 3k,6 -31,5, = 0,

216 +klo - kd - 316 = 0,

lc - 1d = 0 .

Eliminating k and 1, we have

0 0 0 = 0

26 0 -35, - ai

26 -3 -36 ,

0 20 - d

0 0 0 d

as the eliminant.

al - dy

a

с a

с -36

с

14. The various other methods, such as Bezout's method,*

Sylvester's dialytic process, the uses of the Jacobian in elim

ination , explained in ( D. 39) , t since they do not illustrate the

Theory of Invariants, may be omitted.

We will now pass at once to a subject which is intimately

connected with that theory.

15. Discriminants. - If an equation , or quantic, as it is

called when it is not equated to 0, be differentiated with

* I must qualify this statement, so far asit relates to Bezout's method.

It is well known by those acquainted with Dr. Sylvester's researches, that

what he calls a Bezoutiant is the discriminant of a quadratic function in

any number of variables, and is expressible as a symmetrical determinant

which is written, as in (D. 22) , with a double suffix . The eliminant of two

equations of the nth degree may be similarly expressed . The use ofthe

Bezoutiant in the theory of equations is exhibited in a Memoir by Syl

vester, Phil. Trans., 1853, p . 513 .

Tract No. 1 , Determinants.
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respect to its variables, the eliminant of these several

differentials is the discriminant. As the quantic is under

stood to be homogeneous, it is evident that the discriminant

must be homogeneous also. The order of the discriminant

is clearly the product of the degrees of the differentials of

which it is the eliminant.

Observing the same order of the suffixes do, , &c. , the

weight of the discriminant will depend upon the number of

differentials and the order of the quantic. Thus, for a binary

quadratic the weight must be 2 ; for a ternary cubic, that is, a

quantic containing three variables, 3 (3-1) . This arises from

a slight modification of the reasoning in Art. 9. The weight

would be evidently (n- 1) , taken as many times as a factor as

there are variables, were it not for the consideration that all

but one of these differentials begin with a coefficient whose

relation to the leading variable is the same as in the original

quantic ; in other words , with a suffix one greater than the first

differential which begins with an ; hence the number of suffixes

must be increased in this proportion. If p the number of

differentials, (11-1)" must be increased by ( n - 1) " - , that is ,

( n - 1 ) " + (n - 1) -1 = n ( n - 1 ) P -1,

which is the sum of the suffixes for each term of the dis

criminant.

16. If we divide the homogeneous equation by y", the result

is reducible to a product of factors, as

Y
Х

Y
X

y X &c. = 0 .

X1 Yı X2 Ya X3 Y3

Comparing this product with

a 2 " + na,a " -1 + &c. = 0 ,

we see that YıyzY; &c. = dos

since the product of

(ayı —x,y ) (aya —X y) (xyz — X3y) &c. = Q ..... (1)

gives yıya &c. for the coefficient of x”.
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17. The discriminant is equal to the continued product of

the squares of the differences of the roots of the given quantic

taken two and two.

Suppose 27Y1 , 2 Y2, XzY3, &c. are the roots of ( 1 ) above,

do
then = y. (xyz -yx ) (xyz-yx) &c. + y (xy, -2y) &c.

dx

dQ
Observing the effect of substituting x, y, in which is

da ?

yı (2,4, - yx,) & c.; substituting in the same manner 8772,

2zys, &c . in the same equation , and taking the continued pro

duct, we must have

&c. (4,29-313, )” (2 , 3 , -1 )* & c . = 0 .= 0 ......... ( 1),

which, as we have seen , is the eliminant ( Art. 7) of Q and dQ.
dx

The same product, divided by yıya & c. = do, will give the dis

criminant.

This will more fully appear when we consider that

dQ dQ
nQ = a + y

dx dy

then, when we have substituted successively all the roots of

da

= 0 in Q, we shall have for the continued product
dx

Yıyayz & c. multiplied by a similar result of substituting the

dQ
same roots in But this latter result is evidently the

dy

discriminant. Hence, if ( 1 ) be divided by do, that is, if the

eliminant of the quantic and its first differential with reference

to æ be divided by the product of the y's, we shall obtain the

same result as if we had found the eliminant of the first differ

entials with reference to x and y .

18. Enough preliminary matter has now been introduced to

enable the reader to follow with profit all that will follow .
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To those who wish to pursue the theory of discriminants

further, and desire to study an interesting geometrical applica

tion , the theorem of Joachimsthal, taken as the basis of an

investigation on the nature of cones circumscribing surfaces

having multiple lines, by Dr.Salmon ( “ Cambridge and Dublin

Math . Journal,” 1847 and 1849) would probably prove as

fruitful in this direction as any that could be mentioned.*

* The theorem above alluded to is included in the following statement.

If we have the quantic (ao, aj . An- 1 , anQx, y) ", and a contain a factor t,

and if ao contain të as a factor , the discriminant will be divisible by ta ; also,

if ag contain t as a factor, and if a, and a, contain t2 and 13 respectively,

then the discriminant will be divisible byto, and so on. The application

by Dr. Salmon was that, if ap + aj& + Azx + &c. be the equation to a sur

face, and if xy be a double line, ao will contain y in the second, and an in

the first degree. The discriminant in respect to x is divisible by y , and
the locus is a tangent cone.
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CHAPTER II.

FORMATION OF INVARIANT FUNCTIONS.

19. The definition of an invariant and covariant of a

single quantic has already been given (D. 42) . In pur

suance of this, we might proceed at once to show how in

general such functions can be formed , and then give some

explanation of the geometrical importance of the theory ;

but, for the sake of clearness, we will commence with one of

the simplest examples of an invariant function .

20. The determinant of a system of linear equations is an

invariant of that system, because, as it will be remembered,

when the variables are all transformed by the same linear

substitution, the determinant of the transformed equations

is equal to the determinant of the given equations mul

tiplied by the modulus of transformation ( D. 42 ) . In

other words, the determinant ( function of the coefficients) of

the given equations , which remains unaltered by the trans

formation , is called an invariant. The equations of (D. 17)

will exactly illustrate this .

When the linear equations

dv + ev, + fv, = 0

dv+ 2,02 +fv, = 0 (1 )

d2v + egði + f2v, = 0

are transformed by the substitutions

ax + by + cm = v

ax +by + z = u (2) ,

Ag2 + bay + Cgz = V,

then the determinant of the transformed system will be equa
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It was

to (de, fx) * (ab ,c. ) , which may be written

* ( transformed ) = A ” f (given) ,

where A = the modulus = the determinant formed from the

sinister members of (2 ) .

The f, which is also a determinant expressing the coexistence

of equations ( 1 ) , is in this case called an invariant.

21. It is not difficult to see from the above that a somewhat

complicated problem is now presented to us. We are to trace

the effect of linear transformation upon the same functions of

the coefficients of an equation, to determine the number of

the functions which remain unaltered by such transformation ,

and to deduce convenient rules for their formation .

seen, for instance (D. 41) , that when the binary quadratic

(abcDx, y) 2 was linearly transformed by the substitution of

x = lx + my,

y = læ + may,

we wrote Ac? + 2Bxy + Cy as the transformed quadratic,

in which

A = al + 2011, + c ,

C = amº + 26mm ,+ cmỉ,

B = alm + b ( lm , +1m ) + chm ,

and from which we obtained

AC- B* = (ac - 6a ) (im , -1,m ) .

The invariant in this case, ac-- 5%, is no other than the dis

criminant of the given quadratic ax ' + 2bxy+ cy*.

22. Proceeding now to the binary cubic (a, b, c, d x ,y) *,

we obtain its discriminant ; that is, we find its two differentials,

and by direct elimination their eliminant, which is the dis

criminant, viz. ,

4 (bd - c%) ( — ac) + (ad— bc)”,

which, in form , is the same as that obtained in Art. 7. And

here, again, we say that the invariant in this case is no

other than the discriminant.
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23. Since ac - 6 ° is an invariant of the quadratic

az ?+ 2b.y +cy,

we can , by the introduction of a constant, derive not only two

invariants after the analogy of ac — 6 , but one other whose

constituents are derived from the coefficients of the trans

formed system .

Thus , if we have the two quadratics,

8x + 2txy + wy ,

8 ° + 2 + c2y + y”,

we may multiply the second by k, an arbitrary constant, and

obtain by addition

( 8 + ks,) x + 2 (t + kt) xy + (u + ku ) y ',

which, by a transformation identical with that in Art. 21 ,

becomes

(S+ kS,) X²+2( T + kT .) XY+ (U+KU) Y ?;

and the invariant, consequently, by symmetry, is

( 8 + kS ) ( U +KU.) – ( T + kT,)?

= A ' [ (8 + ks ) ( u + ku ) - (t + kt) '].

1

Since this equation is satisfied by any value of k, and therefore

identical, the coefficients of the like powers of k must be equal,

and therefore

SU - T = A ' ( su - ),

SU- T1 = A ( s7Uy — ti ),

SU , + S , U - 2TT, = A ' (8U1 + 8,4-2tt ) .

The last of these is therefore an invariant of a system of two

quantics.

And here it would be well to observe that, if we had operated

d d d

upon the given invariant su — ť with sı + t, -t
ds dt

the result would have been the same as that actually obtained

by the substitution of s + ks, for s, &c.; and thus, in general, if

we have an invariant of any known quantic, we may find the

due )
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invariant of a system of two or more simultaneous quantics of

the same degree, either by substitution by the use of the

operator, as above.

24. As we have stated , the binary quadratic and cubic have

no other invariant than their respective determinants ; but, as

we shall see, binaries of a higher degree may have two or more

functions unaltered by transformation . For instance, if we

take the binary quartic

ax* + 46x®y+ 6ca * y* + 4days + ey ",

d d
and operate upon it with the symbols * and that is,

dx

d d
substitute for x and for y ; we shall find that the

dx

dy

dy

result ae- 45+ 3c

will conform to the definition of an invariant. The same will

be true if we expand the determinant formed from the fourth

differentials of the quartic, viz . ,

b = ace + 2bcd -ad?- e02 - 08 . . (1 ) .

6 d

d

a с

с

с e

That these two invariants may be derived from the binary

quartic, may be shown by actually transforming the given

d

* The theory of these symbols must be reserved for another part of the

subject ; see Arts. 28, 33. The actual process is to introduce the symbols

into the quantic, thus obtaining a differential syınbol. Thus, by substi
d

tuting for y , and for x in the given quantic, we have
dx dy

d4 d4 04 d4 d4

+ 6c 4d

dyt dydx dy dx ? dydx3

Operating upon the quartic with this symbol , we get

48ae- 192bd + 144c2 .

Hence the relation is -4bd + 302

If the quantic had been of odd degree, the result would have vanished .

a - 46 + e

d.x4 '

ae
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quartic, equating the values of A, B , C, & c . , and we should find

AE --4BD + 3C²= A* (ae - 4bd + 3c ), *

and also another, (1 ) , which entering into the discriminant

forms still a third . These latter, however, do not at present

concern us beyond the assurance that they exist, the theory of

their formation being reserved for future consideration .

( 1),

I

25. The Theory of Covariants will be found to be immedi

ately connected with the Theory of Invariants . This follows

from the fact that the covariant is a function not only of the

coefficients, but also of the variables of the given quantic ;

that is,

f (S, U , &c. X , Y , &c . ) = A " | (s, , &c. x, y , &c .)

To illustrate this, let us take the Hessian (D. 40) of the

quartic

ax* +4b2®y + 6cx *y? + 4dwyø + ey*

and we have

4x + 2xy + cy? ba?+ 2c =y + dy | (2) ,
bæ? + 2cxy + dy ?, cx? + 2dxy + eya

which, expanded, gives the invariant form mn—72, and differs

in form only from the invariant of the quadratic (Art . 23)

ac- %' by the variables of the given quantic.

Looking at this example a little further, we see that ( 1 ) and

(2) contain the same powers of the variables, and equally the

same coefficients. Hence the invariant of the covariant in

this case can be no other than the invariant of (1 ) , and this

conclusion may easily be seen to be general.

26. Covariants may be formed by substituting in the given

quantic x + ka, and y + ky, for x and y. The coefficients of

the several powers of k form covariants, and, taken in order,

are called emanants of the quantic. Thus, if we take the

binary cubic

ax: + 3bxʻy + 3cxy"+ dyº,

* To transform this quartic , ax4 &c . , the reader has only to repeat the

process of Art. 21 on a larger scale.
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tyu

a )".

and substitute as proposed, we shall find the several emanants

a a

to be in which form the coefficients of the
da

ascending powers of k appear.

The emanants of any quantic can in general be expressed in

the form

du

X + Yi ( 1 )
dy

dul 1,2 ... n

( dx

dx dy '

as first, second, and nth emanants .

If we take the second power, to get the second emanant,

we may write

7 m + 2a, 3 màu + / t *. (2 )

du dro

as the result, where in and n represent the differentials

and x1 , y are regarded as cogredient to, * or vary as, the given

variables . Now it is easy to see that, if we regard ( 1 ) or (2)

as a function of x1 , Yı , and the original variables as constants,

and proceed to form the invariants, these invariants will in

turn represent covariants of the given quantic, if we then con

ceive a , y as variables .

This will appear at once by reference to Art. 23 , where

we were enabled , after transforming the quadratic, to write

SU - Tº = A' (su- t*).

Transform now (2) , and write its invariant, and we shall have

d° V d , daV rdv du 12v

dXdY? dXdY daca

2

2

(data ) - (demo) ]
(3 ),

where V = the transformed, and v = the original quantic.

* To exhibit this, let (abeXx,y)2 be the given quantic.

Making the substitutions, we have

k* (ax 2+ 2bx,41 + cy ,?) and 2k { axx, +6(xyz + x , y) + cyyı}

as first and second emanants ;but, by hypothesis , x'ı, 41 are cogredient to

xy ; hence each of the coefficients above resume the quadratic form , in

other words, they become identical. Hence there are not, as we shall see,

two covariants to the quadratic (abeXx, y)2, but one (asthere is no func

tion of the differences of the roots), and that one must be the quantic itself.

02



26 INVARIANTS.

This invariant is now the covariant of the given quantic, as is

evident algebraically if we compare (2) with the form for the

second emanant,

dv dv

X + yi
dac dy

2

in which x, y are first treated as constants, by which supposi

tion we form the invariant, and then as variables, so that the

result conforms to the definition of an invariant. It is plain

also that (3) is the expanded determinant formed from the

quadratic emanant, and in this sense may be regarded as a

discriminant of the quadratic function, and is therefore an

invariant with the limitation that its variables are regarded as

constants . The first emanants of a system of linear equations

yield a determinant. Hence in general we may say that the

Jacobian (D. 39) of the first emanants of a system of linear

equations—that is, the first differentials of these equations

regarded as functions of X1 , 91,2 ,—will form a determinant

which is a covariant of the system .

Let now = 0

27. Inverse Substitution . — In Trilinear Coordinates a , b, y

are used ordinarily to express the coordinates of the point.

xa + y6+ zy

be the equation of a straight line in which a , b, y are the

tangential coordinates of the line, that is , its perpendicular

distances from the three points of reference ; and x, y, z the

perpendicular distances of any point in the line from the three

lines of reference, that is , its trilinear coordinates ( T. 2, 25) . *

By transforming this equation to new axes by linear substi

tution , it will be seen that, while the trilinear coordinates are

transformed by direct substitution , the tangential coordinates

are transformed at the same time by the inverse substitution.

Let 2 = 1 X + m Y + nyZ ,

y = 1, X + & c.,

- 13X + & c.

* Tract No. II. , Art. 25 .
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Then the new equation of the line may be written

AX + BY + Z = 0 ( 1 ) ,

where A = la + 1,8 + 137,

B = mya + maß + m37,

T = nja +1268 +137.

The two sets of coordinates in this case are said to be

contragredient to each other ; and in general it may be stated

that the tangential coordinates, whether of a line or a plane,

will be transformed by a different--that is , inverse - substitu

tion , from the coordinates representing different points . The

latter are said to be cogredient, as , , , Yı , &c . , because

transformed by the same substitution ; while the former are

said to be contragredient, because tranformed by an inverse

substitution .

28. This may be stated in another form ; for, since the equa

tion which was a function of x , y , z has been transformed to a

function of X , Y , Z , the total differential coefficients with

respect to the latter are functions of those with respect to the

former.

We have, from (1 ) of the last Article ,

a ( X + m, Y + m, Z ) + B (1,14 m, Y + m , Z )

ty (13X + mzY + n, Z ) = 0 ;

and therefore

d d d

= la
dX dx dy dz '

th
+18 cm

since

dx

dx

&c.

d d d

Comparing x , y , z with we see that the substi

dx' dy dz?

tation which linearly transforms the one will linearly trans

form the other, but by a reciprocal relation as expressed by
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.

the determinants of the coefficients

! 1 ma h lq lsni

12 mg ng mi m2 mg

13 mg 11g ni ng Ng

d 17 d

If now

dr' di da
vanislı, as will happen only when the dis

d

will
criminant of the quantic or system vanishes, then

dx

necessarily vanish also .

29. The consideration of inverse substitution leads directly

to a function well known in geometry as the contravariant. For

it will be seen at once that, if a quantic which is a function of

two sets of variables x, y, z ; a , b , y, be linearly transformed,

the function involving the coefficients and the variables, re

garded as transformed by the inverse substitution, must be

similar to the covariant, but which is called the contravariant;

that is,

f (A0, A1 , &c . A , B , C) = A ' f (ao, , &c. a , b, y) .

It is evident also, from what has preceded, that the contra

variant
may be deduced in a manner similar to that exhibited

in Art . 23. If we take the binary quadratic,

ax* + 2xy + cy " ( 1 ) ,

and combine it with k ( ra + yB ) (2 ) ,

we shall have

(3 ) .(a + ka”) x3 + 2 ( b + kab) xy + (c + k8*) ya

If now ( 1 ) becomes, by linear transformation ,

AX + 2BXY + CY ,

and (2) becomes k (XA + YB ) ,

then (3) becomes

(A + KAP) X? +2 (B + KAB) XY+ (C + k : B ') Y ",
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and the invariant form gives

(A + kA%) (C + kB?) – (B + kAB)

A? [ (a + ka“) ( c + k:ß ) – ( 1 + kul )?].

And since we may equate the coefficients of the like powers

of k, we have

AB’— 2BAB + CA’ = A' (aß? – 26ap + ca ?) .... ... ( 1 ) ,

that is, aß? – 2baj + ca’ , differing only by a power of the

modulus from the corresponding function of the transformed

coefficients and variables a , ß , is a contravariant.

In reviewing now three functions thus considered, it will

be seen that they all equally possess the property of in.

variance.

30. In general , when a , ß, y are regarded as contragredient

to x , y, a , the contravariant may be expressed, by application

of the preceding Article,

A , X " + &c . + k (XA + YB + ZI) "

= a, " + &c. + k (za + y + zy)",

and the invariant would be

f (A, + kA ", A , + kA " -1B, &c . ) = A " f (a ,+ ka" , a , + ka " -" B , &c. )

We have thus to develop the sum of two functions , which ,

by Taylor's Theorem , gives us for the coefficients of the con

stant li,

d d d

(a ta" -' ta" -la +

dan ului db
. ) P.*

If r= 1 , this formula gives us what has been called the first

evectant .

* P the invariant of the quantic.
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To apply this, we know that ac— 62 is the invariant of the

quadratic. We have then

d

da

d

tap
db + *h) (10—2 )

( 1

d

dA

+ AB
d

dB

+B2

A ) (AC - L”),

which is identical witb ( 1 ) of the last Article.

If the quantic be a ternary quadratic, as

doita + a , y + uzz ?+21312 + 224.cz + 2agay ,

we shall have for an in variant

ao as 04 = 1,97z+ 2431415 – a, – aai – ag = P ,
аб ai аз

а, аз а .

which is the discriminant of the quantic; whence

d d d d d d

+7? + By + a/

dao da, da , dus

= ( , - a %) a + ( 1877—až)p + (aq- aş ) yº

+2 (0,07—2,13) By + 2 (az?5 - 0711x) ay + 2 ( azat – A26) aß

( a
+ tay

..)
P

da ,
des

is a contravariant, and in geometry expresses the condition

that a given line represented by a trilinear equation shall

touch the given conic, or, in other words, is the tangential

equation of the conic . *

It is to be observed that the discriminant of the first evec

tant of the second degree can be written as a determinant :

dЕ

da

dE

0,

dB

DE

0,

9
On

dy

* Salmon's “ Conics,” p . 249.
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and may be regarded as the invariant of a system , or of the

given contravariant.

It is also to be observed that there are instances of functions

involving both x , y, z and a , b, y, and which do not change

by transformation of the quantic, that is ,

f (A9,A, ... X , Y ... A , B ... ) = A " | (0o, Qy ... x, y ... a , ... ) ,

which have received the general name of mixed concomitants.

That such functions may easily be formed may be seen by

examining the covariant ( 1 ) of Art. 26 .

If we subject it to the operation of finding the coefficients

d d

+ αβ
di dc

where C = the covariant in question .

hy Taylor's Theorem, we shall have ( ce na
d

+82

3 ) c,

31. We may here perhaps interest the reader by introducing

an illustration of the geometrical application of invariants. It

is well known that when we transform from one rectangular

system to another, that a+ b and ab — hº remain unaltered by

the transformation. Suppose it were inquired as to the form

these quantities take when the transformation is made from

rectangular (or oblique) to oblique axes , where a, b , h are con

stants in the quadratic

ax? + 2xy + by? ( 1 ) .

Let the transformation be from axes inclined at the angle w

to axes of any other inclination , as 12. Then , by making the

proper substitutions, ( 1 ) becomes

AX+2HXY+BY (Art. 21) .

By symmetry, x2 + 2xy cos w +y2 would become

X ° + 2XY cos 12+ Y ',

as either expresses the square
of any point from the origin .

Adopting now a method with which we are familiar, we say ·

axº + 2xy + by® + k (x2 + 2xy cos w +ya)

= AX + 2HXY + BY + k ( X * + 2XY co 1 + Y) .
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If we determine k so that the first side of the equation may

become a perfect square, the second will become a perfect

square also, that is, k must be one of the roots of

ka sin’ w + (a + b - 2h cos w) k + ab - 12 = 0.

This value of k will make the left member a perfect square.

A similar quadratic will be found in the right-hand member,

which will make it also a perfect square. Both members

become perfect squares for the same value of k, and are there

fore equal

Equating coefficients of corresponding terms, we have , what

we already knew (Art. 5 ) in form ,

atlı- 2h cos w A + B - 27 cos 12

sinº w sin ? 12

ab - h2 AB -H?

sinº 12sinº w

( This elegant demonstration is due to the late Dr. Geo. Boole .

See Cambridge Math . Jour., N. S.,VI. 87.)

32. From Art. 28, we learn that x, y , % ; a , b , y sustain a

reciprocal relation to each other. The same is to be observed

d d d

of x, y , z and The transformation of the former

dx' dy' di

transforms the latter , but by an inverse method . In this way

the contravariant is obtained, which, as bas been remarked,

possesses the property of invariance . If now in the contra

d

variant we substitute &c . , we shall obtain a function which,
dac'

containing signs of operation, and being itself unchanged by

transformation, may be called an operating symbol-a type form

which , if applied to the quantic or to its covariants, must give

either an invariant or a covariant according as the variables

disappear or remain after differentiation .

ca - 2aptab? being a contravariant of ax? + 2xy + cy",
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we obtain, by applying to the quadratic the operating symbol

d ?
23 the invariant ac- 7 .

d xa

с ta

dx dy

33. Proceeding upon the principle now before us , we are

enabled to generate, as will be seen , the three functions con

sidered, by means of simple substitution . Since f (0, -a )

becomes, by a linear transformation, F (B , –A), that is , a
A

contravariant, we have then , in a binary quadratic, only to

substitute B and a for x and y to obtain the contravariant.

If, therefore, we write a with the negative sign , there is no

reason why we should not say that -a , ß are transformed by

d

the same rules as x, y . The symbols &c . , which we re
dx'

garded as contragredient to x, y, may be with equal reason

d d

called cogredient to –®,1 ; and, conversely , my may

da

be taken as cogredient to x, y. Hence, if we substitute these

symbols in either the quantic or its covariants, we obtain a

new set of functions of the same form . The exception is seen

in the binary quartics, where , for instance in the quadratic,

the substitution gives 4 (ac— 6 ) , an invariant.

34. A fuller investigation of the quadratic, in the general

theory , will lead to what is perhaps already sufficiently evident,

that the quadratic ( a, b , cx, y) has no covariant but the

quantic itself.* We have seen that its discriminant is the in

variant ac - 2 , and its contravariant ca - 2baf + af " ; and

since ac— 62 is an invariant, we learn , from Art. 26, that the

second emanant is a quadratic in Xı , Yı , and its discriminant

is a covariant, for a quantic higher than the second degree .

We know (Art. 22 ) that the invariant of

(a , b, c , d Dr, y): ( 1 )

is a'd + 4ac_6abcd +4068 - 37% ( 2 ) .

* An invariant being a function of the differences of roots, there can be

no such function formed other than the given quantic . See Note, p . 24 .
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Hence for every quantic higher than the third we have the

covariant

[()*.()-هنودناهدوب،

(
U.

d' a' 2 d d3 d3 d

+4 6

dx3 dacs dy dx3 laady da wy dys

d3 d
+4 3

dys dx dy dx dy

The covariant of ( 1 ) may be found by forming the erectant

( Art. 30)

d d d d

+ a + ap ? +98

da db dc dd /

where P = (2) .

Then , by substituting x, y for a , ß , we have

a® (ad – 3bcd +20 ) + 3a'y ( -acd + 212-12")

+ 3xy (-abd+ 2ac?— Vºc) + y (a’d— 3abc +233) .

And thus generally for binaries, when any invariant is known .

35. If we take any quantic, and observe the effect of any

linear substitution , it is easy to see that its invariaut will

remain unchanged if for we substitute y or læ , and y for x.

It will be seen that the order or degree of the invariant is

still constant, and also that the weight, which is estimated by

taking the sum of the suffixes of the factors of the several

terms, is constant for each invariant.

If s, 81 , 82 , &c . represent the suffixes before transformation,

-s, n — 81 , n—82 &c. will represent the suffixes of the same

coefficients after transformation, and we shall have

n

s + 8 + 82 &c . = n- 8 + n- & + n - S, &c . ,

2u = nt,or

where w = the weight of the suffixes for each term of the

coefficients, and t = the degree or order of the invariant. In

other words, the weight is = but.
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W = = 4.

In this way the invariant of any quantic may be written at

once, the required degree being known.

If, for instance, an invariant of a binary quartic of the

second degree in the coefficients is required , we have

int

There will be as many terms of the proposed invariant as the

sum of two numbers 0 ... 4 inclusive can be written ; hence

A , a , a , + A ,a , a, + A ,a , a, (1)

is the required invariant. The values of A,, &c . will depend

upon other considerations. The first is , that an invariant must

be a function of the differences of the roots ; for it is to be

unchanged when we effect the transformation by substituting

2 + 1 for x ; it must therefore satisfy a differential equation for

the function of the differences of the roots, as

ao

dP dP dP

+ 2a + 3a,
da ,

dP

+ &c . = 0 ...... (2 ).
da ,

+ 4a,
' da ,da ,

The second consideration is, that the coefficients thus ob

tained are clearly proportional .

Applying then (2) to ( 1) , we have

( A , + 4A.) a ,az+ (4A, +342) aja, = 0.

Taking 4. = 1 , we find the invariant to be

A , Qs–4a,az + 3az;

or, using the coefficients of the quartic,

ae- 4b0+ 3c.

Thus the differential equation furnishes the conditions to

determine the values of A., &c.

If the number of conditions is greater than these coeffi

cients, there is no additional invariant; if the same, one more,

or one alone ; if less, more than one. If we wished to obtain

the discriminant of the quartic, which is also an invariant, by

this method, or rather if we wished to obtain an invariant of
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the sixth order in the coefficients , we should find the number

of ways in which 12 can be written as the sum of 6 numbers

from 0 ... 4, and we should have as many conditions as

int - 1 or ll can be written as the sum of 6 numbers from

0 ... 4.

36. We may arrive at the covariant in the same manner.

If n represent the degree of the quantic, n , the degree of

the covariant, in x and y, and m the degree of x in any term,

we have

W =

m + 8 + 82 +8, &c . = n ,-m + n - s + n- $1 + n— 8, &c.

Calling m + 8 + $, &c . the weight, the equation gives

1 (nt + n ).

If we wished to form , for instance, the quartic covariant to

the quartic of the second degree in the coefficients, we could,

instead of taking the Hessian of the quantic, which would give

the required covariant, estimate the terms multiplying each

variable, since t = 2 , n = 4, m = 4 , and , if we are concerned

with the coefficient of 2*, n = 4 .

The weight would then be 6, and hence

4 + s + s = 6,

8 + 8 == 2.

There are therefore two terms multiplying x * each of the

second degree, that is, a , az and anaz, or ac and 62.

In the same manner we find, for the terms which multiply a*,

3 + 8 + 8 = 6 .

Hence the terms are a, dg and dy&z , or ad and be, &c. &c.

Now it will be perceived we do not know how by this pro

cess to connect ac and 6%, ad and bc.

To ascertain this relation , let us suppose that

Agitni tn 4,2 " -+ y +
n )

A 2 yº
2

represents the covariant.
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Suppose also

d d

tai
d

do las
1)

&c.

dao

d
&c . and na + (n- 1) a,

da , dai

to be represented by a and B. If now, in ( 1 ) , we suppose the

same substitution as was made in the original quantic, and

that

da

0,
da da da da

df df
then + 2a, 3a, + & c.;

du dag

day da, daz
dos

2012 303 ,

df
do

+ 30 dasda ,

and we can write , on the supposition that these changes are

identical,

dA

= 0, &c. as above,
da

0

- n,A,, & c.

and, for the same reason,

DA

dß

Thus, when A, is a function of the differences, we can find

all the other terms of the covariant ; that is, we can, by suc

cessive differentiation, pass from one term to the other, and

thus, by the use of these two operators, determine the exact

form of the coefficients of the covariant . Thus, in the case of

the quadratic covariant to the quartic, we found A , to be of the

form Aaga , + Ba, a , which , operated upon by
da '

( A + 2B ) aga, = 0. If A = 1, then B= -1, and 4, = a , az - a ,az.

dA ,, which in this case isOperate upon this latter with
dß "

d d d

+ 3a, + 2az
da ,

dd,
becomes

4a
da

d

da ,

tas

da ,

and we get 2 ( a , a a , a ) = 4 .

d Ꭺ

,
dB

upon Qodz—A2Q1, and we have

4a,az + a , a .-- 2aga, -3a,a, = 4, = a.a. + 2a," ; -30,0 ,.
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.

Operating then upon this latter with
DA ,

ds

we obtain

2 (aq,-a,ax) = Ag

And finally we have

= 0,04 - Azaz =: 44
dp

The covariant then , written fully, is

(ac— b2) ** + 2 (ad — bc) x®y + (ae + 200-30 ) « >y?

+ 2 (be - cd) xy + (ce- dº) y *.

Wee see, therefore, that A, is the source of the covariant, and

we can readily write

dA
20: - ?y +

d'A, 20" - > y?
Ax” +

de d32 1.2 dp3 1.2.3

-3+

+ & c.

as the law of derivation .

That A , is appropriately called the source is evident from

its repeated use , being, in fact, operated upon by each succes

sive differential symbol, as is seen on p. 36 .
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CHAPTER III.

THEORY OF LEAST OR CANONICAL FORMS.

37. When a quantic has been reduced to the least form in

which it can be written, and yet retain its generality, it is said

to be reduced to its canonical form . The theory has been

presented by Dr. Sylvester (see Philosophical Magazine, Nov.

1851) . The name canonical seems to have been first applied

by Hermite. The number of constants remains in most cases

implicitly the same.

Since lx+my may be represented by X , and I'x + m'y by Y ,

a cubic in two variables may be represented by X : + Y . This

is evident, as the entire number of constants is implied in

this form .

The quadratic (a, b , c x , y ) can be reduced with four con

stants* to the form x +y’, or to a similar form Az2 +Bt con

taining the original number. But the binary quadratic in

geometrical investigations is so completely manageable in its

* To reduce 2.x2 + 14x + 29 to the sum of two squares.

We have (lut + my)² + ( l'x + m'y) ?

as the transformed quadratic, or

(x + t)2 + ( x + t ')2 = 2x2 + 14x + 29,

m '
where and ť

i ': - , and

whence t2 + t2 29,

and t + ť = 7 or t = 2, t = 5,

while the coefficient of x is plainly 1 , therefore (x + 2)2 + (x + 5), is the

expression.

D
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original form that its reduction to a sum of squares is not a

matter of much interest.

But the reduction of the cubic is of more practical impor

tance, since , independent of geometrical considerations, the

reduction to the sum of two cubes furnishes a method of

solution of numerical equations. The cubic

ax3 + 36x* y + 3cxy? + dys

becomes, we will suppose, by transformation

AX + 3BX²Y + 3CXY + DY },

and, remembering that the Hessian

du du du

dxạ . dy dady

gives a covariant which may be transformed in the same

manner and into a function of the same constants as before,

that is,

-(

2

d’U d’U

dx? ' dY ?
(1) ,

Hessian may

we see that the transformed becomes ADXY when B and C

vanish .

Or, since we are simply seeking the factors into which the

break up when B and vanish , we may omit the

factor A’ (being composed of the constants of transformation ),

and examine the left - hand member of (1 ) for the required

factors X, Y.

With these conditions, the Hessian cannot differ by more

than a factor from XY.

As an illustration , let us take

4.8 + 30 ° + 78x + 70 = 0 = u.

The Hessian is

2x + 5 5.+ 13 = 2 + 5x + 6 .

5x + 13 13x+35
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Taking the factors of this, 2 + 2 and 2 + 3, we have

A (2 + 2 ) + D (x + 3)

for the determination of A and D by comparison with the

given quantic

A + D = 4,

8A + 27D = 70,

or A = 2, D = 2 .

Hence
2 ( 2 +2) +2 (2 + 3 ) = u,

that is, (x + 2) + (x + 3 ) differs by only a factor from u,

and therefore

(x + 2) + (x+ 3) = 0

gives ~ =- as a root of the given cubic . The other roots

of this cubic being imaginary, it is evident that not every

cubic can be reduced to this form , since it must differ from

one which contains three real factors, or one containing a

square factor.

In the latter case, we could evidently express the canonical

form of the given cubic by (lx + my)' (l'x + m'y) or ( ac + t)'(x + t)

or x * y.

To reduce 28 + 7x2 + 16x +12 to the form æʻy.

We have 208 + Cť + 2t) x2 + (2tť + tº) x + t*ť,

ť+ 2t = 7,

2t + t = 16,

whence

t t= 12 ,

t = 2, ť = 3.

38. The canonizant.— This is a name given by Dr. Sylvester

to a determinant which is used in the extension of the method

of the last Article. The theory assumes that a quantic of the

D 2
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fifth degree can be reduced to a sum of three terms of the

fifth degree, one of the seventh degree to the sum of four

terms of the seventh degree, and thus for every odd degree ;

and then proceeds to make the assumption good in the

following manner . The transformation is supposed to be

effected, as before, by letting

sele + my, t = ( x + m , 0 = c + m ” g.

The theorem then requires that

(a, b, c, d, e, f (x , y ) = 80 + +06.

Since the right-hand member ofthis equation contains implicitly

as many constants as the given quantic, it must be capable of

expressing that quantic when s, t, v have been properly

determined .

Letu = the left -hand member, and U the right-hand member

of the above equation ; then , by successive differentiation , we

shall have

= UI de

da *

d4

Uld al dº

de da dy da dy

d4 d4 d

dx®dy dx” dy dxdys

d d dº

da”dy dxdys dy

dæ*dy

d "

dy

or the symmetrical determinants,

ax + by bæ + cycx + dy = | Tºs 22 t 12 v

bx + cycx + dy dx + ey Ims I'm't l'm'v

cæ + dy dx+ ey ex + fy m's most mv

/

= s.t.vx 172 72 7/13

Im I'm l"m "

ma

"

m ' m "

1 2

m " mmm

112

m
m '?
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That is, if the expansion of

ax+ by

cx + dy

ex + fy

yields the factors s, t, v, then these factors will differ from the

factors ( x + ty ), (æ + ty ), (x + t" y) by only numerical coefficients ;

and, consequently,

(a, b, c, d , e, fDx, y) = T (x + ty )' + T'(x + ty) + T" (x + t"y)".

n

2
t
h

n

sum of

39. In the same manner, to find the condition that a quantic

of even degree can be reduced to the sum of powers,
2

where n is even .

The nature of this condition is seen from the last

Article. The determinant formed from the n differentials

will, on the supposition that the quantic can be reduced to the

nth powers, vanish by the same process which
2

proved that a quantic of odd degree, as for instance the fifth ,

could be reduced to a sum of three powers of the same degree.

The determinant formed from the n differentials in the latter

case being a covariant, gave the necessary factors s , t, v, while,

in the case now under consideration , the proposed determinant,

it will be seen, gives an invariant whose vanishing proves that

the quantic can be reduced to a sum of powers each of the

nethe degree.

To see if 2x4 +12.08+ 30m2 + 36x+17 = S can be reduced to

a sum of two fourth powers, we take the fourth differentials

as in thelast Article and we obtain the determinant

= 0.2 3 5

3 5 9

5 9 17

The vanishing of this determinant shows that in this case
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the reduction is possible. To obtain the binomials, we equate

like powers of S and 8, v, in S = $ * + v *, and we find

8 = x + 1, v = x+ 2.

40. It is hardly necessary to carry this proof into the higher

powers . But it may be said , in general, that if the quantic

does not break up into sums of powers of binomials , it will be

sufficient to add to these powers some multiple of their product

or product of their powers, as

(a, b , c, d, ex, y) * = 5*++* + 6Ds t?,

and (a, b, c, d , e, f, gox, y ) = 8 + + + Estu .

That these are the least or canonical forms may be seen

by extending the proof already given . The subject in such

form as developed by Sylvester and others would not be

necessary here.

41. Combinants . — We have seen (Art. 20) that the eliminant

of a system of linear equations is an invariant. An invariant

or eliminant of a system of equations or quantics of a uniform

degree higher than the first is called a combinant. One

peculiarity of the combinant is that it satisfies the equation

a ,dc , b ,dc

da db+6,00 + & c.=
-0 ,

where C is the combinant of

a x " + nb a " - + &c. = ( .......

ana " +nb,21-1 + &c. = 0....

&c. &c.

(1) ,

( 2 ).

42. Another peculiarity to be observed is , that if a pair of

quantics have a common factor, their Jacobian will contain

this factor in the second degree.

Take the equations as above, and form their Jacobian, and
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the truth of this will be evident ; or, let a be a common factor in

u = ax: + 3ay,

v = 2ax : + ay ,

then
= - 20a -xy .

du du

dx dy

do do

dx dy

If, in (1) and (2) , (Art. 41 ) , n = 2, we shall have , for J,

ax + by

ac + by ba + cy

bx + cy -J ,

whose discriminant we find to be

4 (ab, -a, b ) ( bc - 6, c) - (ac, -a , c) .

This, as we have seen, is the eliminant of u and v as quad

ratics ; or, in other words, we find that in this case, at least, the

J of u and v contains their eliminant as a factor : and this is a

truth to be observed when n = 3, 4, &c . , in which cases the

discriminant of J, as is evident, will be composed of the

eliminant of the quantics and some other factor whose form

may be determined.

43. If ( !) and (2 ) above be represented by u and v, then

uthu represents a locus common to u and v ; and, by assigning

varying values to h , we shall obtain a system of quantics some

of which will contain square factors ; and in the involution of

points formed by these quantics there will be as many double

points as there are quantics which contain square factors.

The number of these is seen to be 2 (n- 1) , or is the same as

the order in the coefficients of the discriminant. The number

of double points may then be determined by the Jacobian of

u and v. If u hu has a factor ( x - a )', then a will satisfy

du

dv, = 0. It will evidentlysatisfy the
dæ dx

du

th = 0, and +

dy dy

ari
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equation obtained by eliminating h, and therefore the Jacobian

of ( 1 ) and (2) . We thus have an easy method of determining

the number of double points resulting from the involution of

these quantics. In this form we see that h can be so determined

that u + hv shall contain the square factor (: - a )" ; and , by

adding another condition, we may determine the value of con

stants so that the quantic shall contain (x — a) . The coefficient

in ( 1 ) and (2) will then be of the degree 3 (n—2) . Conversely,

if (a - a ) : exists as a factor in u + hv + mt, this factor in the

first degree will exist in the three second differential coeffi

cients, and consequently in their eliminant with respect to h

and m ; that is

d’u dv dat

-0,
dx2 dixa dx ?

đều d v dºt

dxdy dx dy dx dy

đu dr.

dy? dya dy

which gives the number of triple points in the above system

u + hv +mt; and, if y 1 , it expresses the number of these

points on the axis of x , or 3 (n-2) , which fulfils the condition

of a combinant.

dạt

44. Tact - invariant. — When we find the eliminant of (1 ) and

(2) , and equate it to zero, we express the condition that the two

curves may be tangent to each other. If we express also the

existence of a cubic factor in any quantic of the series u + hu,

that is, a cuspidal curve, by U= 0 and by V=0, one having

two double points, or two square factors, and by W = 0, what

has been described above as the tact-invariant ; then the dis

criminant of u + hy with respect to h will contain U , V , W as

factors.

If u and v are tangent to each other, then the discriminant

of u+ hv will, as a function of h , have a square factor ; in other

words, when expressed geometrically, it is the condition that a

curve has a double point.
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45. The tact - invariant is of the order 3n (n-1) in the

coefficients. Hence, if we have three surfaces L, P, Q (of l, m ,

n degrees), the condition that two of the lmn points of inter
section will coincide is called, in this case, the tact- invariant,

and the coefficients of L are in the degree mn (21+n+ m-4),

and so of P and Q.

The tact-invariant of two surfaces al and P have the co

efficients of L in the degree m ( 72 + 21m + 3m2—42—8m + 6 ). *

These results are obtained from quantics of four variables .

The geometrical importance of these results will be further

seen .

46. As to the number of invariants of a binary quantic, we

have already seen that a quadratic has one, that a cubic has

one, each of these being the discriminant of the given quantic.

If we take the next in order, the quantic

(a, b, c, d, eDx, y) ”,

we can easily determine the number of ordinary invariants,

omitting from our enumeration those which are expressible as

rational and integral functions of the same or lower degrees.

Remembering that the invariant must satisfy the differential

equation

dI dI dI

+ 2a; + 3ag + &c. =Clio

da, da , dag

and that the last invariant must be of the order 2 in the .

coefficients, it must therefore be of the weight 4 in the

coefficients, that is,

Aaqan+ Baza , + Cagag.

Operating upon this with the differential equation , we have

4Aaga ,+3Bagan+ Baaz+4Ca,ag,

* Terquem's Annales, Vol. XIX ., and Quarterly Journal, Vol. I.
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which , taking A as 1 , gives for B, -4, and for C , 3 ; and we

have by substitution

0,4-4aga, + 3a.dg

ae-4b2 + 3c",or

as the invariant function , which is the same as would have

resulted by actual transformation . Had we followed the

latter method, we should have found that the function of the

new would be equal to the old when multiplied by the fourth

power of the modulus, ( lm'- m )* or A ', or, written fully,

AE-4BD + 30º = A ' (ae - 4b2 + 3c ) ( 1 ) .

Proceeding now to the invariant of the third order in the

coefficients, we see that the weight would be 6, and must be

of the general form

40,0,02 + Bajagaz + Ca , gaz+Daa, % + Ea, ,da,

which embraces all possible forms.

By applying the differential equations as before, we bave

ace + 2bcd— ad?— eb? – CS,

or ACE + 2BCD – AD? –EB? - C3

= A ' (ace + 2bcd - ad - eb -c ) .... (2 ) .

If the AⓇ does not follow clearly by symmetry, the actual

transformation will make it evident . If we proceed to the

fourth order in the coefficients of another invariant, we shall

find only a function of those already found, which therefore is

not to be counted in the enumeration .

47. Absolute Invariants.- If we eliminate A between (1) and

(2) in the above, we shall obtain what has been called an

absolute invariant, that is,

(ACE + 2BCD - AD?–EBP— 03)? (ae-4bd+ 3c2):

= (AE - 4BD + 302) (ace + 2bcd - ad' - eb - 29) .
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And if I and T represent the invariants (1 ) and (2) , their

ratio IP : T', as is seen, is unchanged by transformation.

48. As to the discriminant of the quartic which is the elimi

nant of its two first differentials, we shall see that we can

arrive at a method of derivation by means of (1) and (2) . We

have only to remember that the eliminant vanishes if the

differentials have a common factor, and that this factor will

exist if the binary quantic contains a square factor. We have

only, to arrive at this condition, to suppose the first two coeffi

cients to vanish ; the quantic then has a square factor, since it

is divisible by y . It is clear, also, that the invariant of such

a quantic must vanish. The one contains the other as a

factor when the two first coefficients a and b vanish . Or we

may state it thus :—The invariant is a symmetric function of

the differences of the roots, and the discriminant is the product

of the squares of the differences between any two roots (Art.

17) ; that is, the invariant, on the above supposition that the

roots are equal, as expressed in the terms of the roots, must

contain the difference between the roots taken two and two.

Now, since the ratio o : 18 : Tº is unchanged by transformation,

a new invariant may be constructed from them, and we see

that 1' — 27T2 will vanish when a and b are each 0 ; that is,

I becomes 3c", and T, -c, on that supposition. And since we

know ( Art. 15) that this form gives us the required order in

the coefficients, we conclude it to be the discriminant, that is,

(ae-4bd + 3c ) - 27 (ace + 2bcd - ada - eb - c8) ,

which, being of the form of 1 + kT , is not commonly reckoned

as distinct from I and T ; and thus generally when, as in this

case , I and T are expressible as an invariant, a function both

rational and integral of I and T, such function is not counted

as a new invariant. We would infer also, in the same manner,

that, if I and T are invariants of the same degree, then I KT

need not be counted.
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To sum up our number of invariants thus far, we have

ac— 32 the invariant of the quadratic (a, b , cx, y)”,

which is the discriminant.

Next, a'd' - 6abcd+ 48%d+4ac- 36%

is the discriminant of the cubic ( a, b , c, d x , y ) " (Art . 5 ) ; that

is, it is the eliminant of its two first differentials .

This is its only invariant ( Art. 22) .

And, lastly, the I and T of the quartic (a, b, c, d , e x , y)*

just considered , which are two ordinary invariants.

49. The Series of Covariants. — It follows from the definitions

of invariants and covariants, and rnay easily be verified, that

every invariant of a covariant is an invariant of the original

quantic, and the contrary ; consequently the quadratic can have

no other covariant than the quadratic itself ; or we say that this

fact follows immediately from the consideration that there are

no differences of roots — there being in this case but one differ

ence-and that there can be no function of the differences of

the roots. But in the cubic, since a symmetric function of

differences of roots, and differences between x and one or more

of the roots, is a covariant, we can form a covariant distinct

from the cubic . The form of this covariant,

(ad- 3abc + 26 , abd - 2ac + b c,

- acd + 26'd — be", 3bcd - ad? —20Dx,y ) ',

has been investigated in Art. 34, and the process need not

be repeated here. We have also the Hessian which Dr.

Salmon writes

H = a C (ac — 6%) ** + (ad - bc) xy + (bd — c ) ya.b

b d

g” –

C

These two covariants examined in connection with the quantic

itself, which is also a covariant, show at once that the list for

4



INVARIANTS . 51

the cubic is complete . For we see that the coefficient of x2

in each case is a, ac- 6 , a’d- 3abc + 268, which are called the

leaders. Recurring now to the discussion ( Art. 35) , we find

that whatever analytical relation exists between the leaders of

covariants, that same or similar relation will hold with the

covariants as a whole . This being the case, we need only

operate upon these leaders in order to discover the successive

covariants .

Thus H above is the Jacobian of the first covariant

(a, b, c, d(x, y ) , or V, and the original quantic (a, b, c x ,y)”,

say ; so also the third covariant in the above series, whose

leader is a’d-3abc + 263, is the Jacobian of the above Hessian,

and the original quantic, which in this case , the cubic , is V ,

and thus each succeeding covariant, is found by taking the

Jacobian of the last covariant of the series and the original

quantic, whatever that may be. For the cubic this last

covariant is indicated by J.

50. The question whether any other covariants may be

properly added to this list, as regards the cubic, may be

examined as follows. We see that a, ac, a’d , &c. are divisible

by a. We find then what new functions, rational and integral,

of these leaders may be formed which contain a. In this case,

the leaders of H , J, ac— 6%, aéd - 3abc + 269, become, on the

supposition that a = 0 , 471" + " = 0. It therefore contains

some power of a. Performing the operation indicated by

4H®+ 18 = 0 and dividing by a ', we obtain the discriminant

of the cubic a'd - 6abcd - 36 *c+ + 4ac + 4db%.

Now it must be remembered that a covariant, as also an

invariant, is by definition a function of differences of the roots,

and that a covariant is known when its source or leading co

efficient is known ( Art. 36) ; hence these leaders, as well as

resulting invariants, will satisfy concurrently the differential

d d d

equation V ( ao +2a, + 3a, + c

da, da ,

where V is any leader or invariant.

( da ,
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From this fact, and in conformity with the definition, we

might, for the purposes of this classification, include the

invariants with the covariant of a quantic. The above dis

criminant, then , may be classed with the coefficients of the

covariants.

Regarded in this light, we shall find that a quantic of the

nith degree will have n covariants, including the quantic itself,

so that each other covariant, multiplied by some power of the

quantic, will be equal to a rational and integral function of the

n covariants. Thus, at once, if we represent the discriminant

( invariant) by A, we shall have

AV' = J +47 *, *

or, using the canonical forms,

a'd ' (ax®+ dy')' = a'd ' (ax – dy') '+4 ( adxy )".

51. If in A we let a = 0, we have left a quantity containing

coefficients which cannot be eliminated by combining with

-62 or 263. In other words, no new functions of ac— 67,

a’d— 3abc +268 can be formed divisible by a.

say for the cubic the list is complete.

Hence we may

52. The covariants of the quartic are first the Hessian,† and

then the Jacobian of this Hessian and the quartic itself must

be taken . We find H to be

{ac — *, 2 ( ad. — bc), ae + 2bd — 3c , 2 (be- cd) , ce - d Dx, y )" .

The Jacobian has its first term, or leader, aʻd - 3abc + 218 &c. ,

which, by Prof. Cayley's symbolical representation (where the

Hessian of every binary quantic is written 12 , and the

Jacobian ofH and the quantic 12, 13 ), is easily distinguished,

and indicates a basis of calculation .

i

* Prof. Cayley, “ Phil. Trans., ” 1854.

+ Known in geometry as the Harmonic Conic.
|
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>

dx ' dy '

7

53. We might state here more fully the principle of this

symbolic representation.

d d

In Arts . 30 and 34, it was shown that &c . , regarded

as operating symbols contragredient to x, y, &c. , while trans

formed by a direct substitution x, y, &c . , will be transformed

by an inverse substitution, and the contrary ; and that, repre

d d

senting
dx ' dy '

&c. , by a, b, &c. , operating symbols could be

formed which, substituted in the quartic, a covariant or invari

ant could be formed according as the variables were or were

not removed by differentiation. We can thus form an opera

tive symbol for a system of quartics by a system of determi

nants formed of a, b, &c. Thus a,ß, –a221, represented by 12, is

an invariant symbol of operation. If we operate on two quan

tics S and V , the result of the operation upon their product

SV by 12 is the Jacobian .

If these are quadratics,

(a, b, cDx, y)?, (a, b, c, & x2,Y.) ?,

then the result of the operative symbol 12 , or

aika – 2a ,ß ,azß , + ažbi ,

on SV will be an invariant, i.e., ac, + ca , -266 .

In the same manner, 122 13 expresses the operative symbol

(or its effect upon a binary quantic)

(a,ß, -a,ß.) ' ( a , ,-a ).

54. We have then, as the effect of 12 on SV, the Jacobian

dS AV dS DV

dx dy dy dx

and the application to any two quantics may be expressed by

ds dy dS DV
11

(as com )dx dy dy dx

or 12".
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In the former case , the exponent of the power does not apply

to S and V , but only to the symbols of differentiation . The

result is, of course, the same in both cases — an invariant if

n = the degree ofthe quantic, since all the variables are removed

by differentiation, or a covariant if n is less than the degree of

the quantic. From this it will immediately appear that, if by

this process, we wish to form the covariant of a single quantic,

we have only to make S = V . Thus, if we desired to form the

covariant of a single quantic with the symbol 12 , or

dS IV
2

la se
ds dV

dy dxdom ) >

dx dy

we have only to make S = V , and the latter symbol becomes

2 [ ]
d’S d’s

dx² dx dy

which, applied to two quadratics S and V , would in this case

give 2 (ac -b ). Hence, in general, the quantic to be operated

upon may be conceived to be the product of two or more quantics

S, V , T , &c. , whose variables are distinguished by subscripts,

as X1, 41, 42, 42, & c., and when the differentiation is complete

the variables are written solely x, y. Since 32 and 23 are

clearly the same with opposite signs, as also 12 and 21, it

will appear that either of these symbols with odd powers will,

when applied to any single function as SV, cause it to vanish .

Following this analogy, we can easily write the symbol for a

system of ternary quadratics. If, for x1, 92, &c. , we write

d d

&c. ( in which the cogredient variables can be written
dx'dy,

as a determinant

= 123 ),,X1 Xq X ,

Yi Ya Yz

21 22 23
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we shall have, when the symbol 1239 is applied to the ternary

quadratics

ax2 + by + cz? + 2fyz + 2gzx + 2hxy

a a +by + &c .

agº + 0,3*+ &c .,

61 a h g = 6 (abc + 2fgh - af - bg - ch '),

h bf

g fc

i.e. , six times the discriminant of the ternary quadratic when

a = a ; = A, &c.

E
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CHAPTER IV.

COMPUTATION AND GEOMETRICAL APPLICATION OF

INVARIANTS.

55. The attentive reader of the preceding pages will have

now no great difficulty in making a variety of important ap

plications of the Invariant Theory.

It is shown in works on the Conic Sections, that if Vand V

represent two conics, there are three values of k for which

kV = V , represents a pair of rightlines.

We take

ax *+ by® + cz* + 2fyz+ 2gzx+ 2hxy = 0

as the general homogeneous equation of the second degree in

three variables ; and this is intimately connected with

axº + by? + 2hxy + 2gæ + 2fy + c = 0............ (1) ;

the latter being derived from the former by making % = 1 .

This latter may represent two right lines, and does in ge

neral, when its coefficients fulfil the relation

a h g = abc + 2fgh- af? — bgº - ch' = 0,

h bf

g fc

4

1

which is obtained by the resolution of (1) as a quadratic; the

above determinant being the condition necessary to make the

quantity under the radical a perfect square. If we call

Vi = ax + bxy*++* + 2fxyz +29,22 + 2hay ,

then 4 = a,b,9 + 2igih, - arfi - bugi - chi.
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It is not difficult to see that the three values of k, for which

kV = V, represents a pair of right lines, is obtained by substi

tuting ka + aj, kb + b1, &c. , for a, b, c, & c ., in A. Writing

this result in full, we shall find that kø will have A for its co

efficient; ka and k will have functions for their coefficients,

which may be represented by a and 0,; and lastly, that A

appears as the absolute term ; that is,

AKS + 01 +0,1 +4, = 0.

The value of

0 = (bc — fº) az + (ca –g ') b2 + (ab – h *) G

+2 ( gh - af) fi + 2 (hf - bg ) 91 + 2 ( fg - ch ) hy ... (2 ),

and 0, = ( 6,61 - fi ) a + & c .,

the same as e , the accents being interchanged.

Now between AKS + + k +4, = 0 ( 3) ,

and kV+ Vi = 0,

we may eliminate k , which gives

AV - Ovir + 0,7,7 – 184, 0,

denoting the three pairs of lines which join the four points of

intersection of V and V.

56. Since any two conics have a common self-conjugate

triangle, and since they may be written

V = axa + bya + cz * = 0,

Vi = ax + b y + z = 0 ,

(see T., Arts. 45, 47, 56,) or

V = 2 + y + z = 0,

where x is written for avā, &c . , we obtain , by Invariants ,

the three values for which leV + V represents right lines.

E 2



58 INVARIANTS.

-C.

+

Then A reduces to abc,

( = ab + bc tac, 0, = a+ b + c, 4, = 1 ;

or, were we to substitute ka tay, &c. , in abc, we must have,

for the required condition,

k + k * (a+ b + c) + k (ab + ac + bc) + abc = 0,

which is satisfied by — a, b,

For another example, let us take the ellipse *

y?
-1 = 0 = V ,

72

and the circle (1-2)' + (y - y )'-— * = 0 = V.

In forming A from V , we must remember to affect the result

by the negative sign, since c or the coefficient of , as well as

itself, is reduced to unity with the minus sign. Hence

1
A =

a ” 12 °

To obtain 0 we must recur to the general equation ofthe circle

ac + y + 2gæ + 2fy + c = 0.

From which we find, by comparing the values of the coeffi

cients with those in the preceding Article, that

ay 1, 1

b = 1 ,
'

91 = 21,
1

b =

fi

G = x + yi - me

From these values we find 0 to be

1 1 ** + y; -
13

a =

a

= Yu
62 ?

1
.C =

a*72

* Students who are familiar with Salmon's “ Conic Sections, ” will at

once recognize these examples. It is believed that the treatment here

given them will completely remove the difficulties which hitherto have

been experienced by manyin their solution.
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or

1

a’l?
( x: + yi - goud – a ' – B*) .

In the same manner, by interchanging the accents, we find

1 1

72

+ (1-0) (-1)

0x= (4 + ---y!) + & + y; --22 )

= 3 + -1-+ 6 + ).

4, = x + yi — que — yi - = - qb ;
and

from which the equation in k is formed .

If, instead of the ellipse, we had taken the circle

2x3 + y − q = 0 ,

V remaining as before, accenting the r, we should have had

A = -m ,

since a = 1, b = l , cr - pe ;

0 = (–7–0) 1 + ( - - 0) 1+ (1-0) (2 + yi - mi )

= x + yi - 272 – mi, by (2) of Art. 55 ;

0, = (** + y; – mi – y; ) 1+ (x + y; - - )1+(1-0)(-1 )

= x + yi – 27 – 92,

4 = -mine

as in the previous case .

,

57. Since A, A1, 0, 0, are invariants of the system of conics

under consideration, their computation should be carefully

studied, because in solid, as we shall see, as well as in plane

geometry, these functions are fundamental.

Take the parabola y' = 2px, and V , as before, the circle

(2 - x ) + (y- yı) ' = ri.
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.

Here b = 1, while p corresponds to g in the more general

equation, as is evident from (1 ) , Art. 55, the other coefficients

reducing to zero.

We have then A = - bgʻ = -p,

0 = (0-p?) 1+ (0 + 2p ) ( -x) = -p (2x4 + p ),

0 , = ( 2 + yi - - ** ) 1+ (0 + 2) ( -2p) = yi - 2px; -mi,

- mi, as before.A =

If a* + y = pi and (x —æ,) + (y - y ) = m*

represent two circles, and d the distance between their centres,

we have, as before,

A = –p, 0 = — 272–74, 0, = dº— god – 271 , 4 = -me.

58. If we turn to equation (3), Art. 55, and observe its degree,

and remember that two conics always intersect in four points,

and that four points may be connected by six lines, viz . , 12, 13,

14, 23, 24, 34, we may conclude that this equation is that of

the three pairs of chords of intersection of the two conics.

An easy application of this equation is found in the problem,

to find the locus of the intersection of normals to a conic from

the ends of a chord which passes through a given point.

The equation of the normal to an ellipse is

a ayı - b'x, y = c *x19ı.

If we interchange the accents, the right line becomes a curve,

in fact, an hyperbola aʻxıy — b*xyı = cʻay,

expressing that the point on the normal is known, and that

the point on the curve is sought ; consequently, we see that

the intersections of the given ellipse and the equation last

written are points whose normals will pass through the given

point; that is, , Yr
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zace

Let + -1 = 0 = V ,

2 ( a’xyı — bºxy - cºu , y ) = V.

This latter equation, it is evident, should be, as has been

done, multiplied by 2 in order to sustain the fixed numerical

relation expressed in the corresponding coefficients of the

general equation. The equation of the six chords joining the

feet of normals through xy, the locus required when satisfying

the given point, is readily formed by substituting the requisite

invariants in equation (3) , referred to above.

We have then

1

a’l ?'

since h = c,

9. = b y', and a = b = 6 = 0,

fi = -apoc';

and therefore 0 , = - (a*x " —c* + b*y, ),

A, = -2a *b *c*x,yı:

Hence, if aſ represent the given point, we have

0 = 0,

8

( a^ 3a - lºad - cºa )* 4 & c. = 0,
a'b

an equation of the third degree, reducing to a conic when

the axis is a part of the locus.

59. In the cubic for k, its values, for which kV = V, repre

sents right lines, remain the same without reference to the

coordinates in which V and V , are taken . In other words, the

relation between the coefficients A, 0, &c. , remains unaltered

by a change of coordinates, and these coefficients for the new

system are equal to those of the old, multiplied by the square

of the modulus of transformation, or in general by some power

of that modulus. ( Art. 20.)
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Let us

60. If 1 and 2 of the four points of intersection of two

conics coincide, then 13 and 23 will coincide with 14 and 24.

In this case the cubic in k will have two equal roots.

take the differential coefficient of this equation , and proceed as

if to find their greatest common divisor. This condition may

be expressed as

(00,-944 ) -4 ( 0 —340 ) ( 0, -34,0 ) = 0.*

In this case the conics are said to touch each other, though it

must not be supposed that there are not also two other real

or imaginary points in which the conics meet. A great variety

of examples will at once occur to the reader which will illus

trate the foregoing. We might exhibit an application of the

last example, Art. 58. Expressing that the two curves touch,

we must have, since 0 == 0,

2744, +40,' = 0.

Now that this equation will apply to the finding of the evolute

of the given curve — that is , the ellipse — wehaveonly to remem.

ber that the coordinates of the centre of the osculatory circle

and those of the evolute coincide, that two of the normals

coincide which can be drawn through each point of the evo

lute ; and we have

27a²b?c*x ?y*+ ( a’x2 + b*y* — C ^) 8 = 0

as the required equation.

61. Before passing to other applications, we may discuss

the conditions under which 4,, 0, and 0, vanish.

If A, = 0, how shall we interpret 8 and 0,? Since V ,breaks

up into two right lines when 4, = 0, we may represent these

lines by a and B, and then instead of V + KV, we may write

V + 2kaſ , whose discriminant may be found by substituting

h+k for h in A, from which we obtain

A + 2K (fg - ch ) -ck'. ( 1 ) .

* This condition may be found by equating the discriminant of the

given cubic in k (Article 55) to zero.
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But when the coefficient of k vanishes, that is, when fg = ch,

we have the condition that the pole of the axis of w in the

general equation should lie on the axis of y ; in other words, in

this case, that the lines a and 6 are conjugate with respect to V.

Now the vanishing of the discriminant indicates, as we know,

a double point in the curve , and hence the vanishing of (1 )

shows us that the point aß lies on the curve V ; that is , the

coefficient of ki vanishes when , in this case, c = 0 ; and conse

quently that, when 0,=0, the intersection of the two lines is

on V.

general form

More generally, the geometrical interpretation of 0=0 may

be shown if we take the trilinear equation (T. 47) of the

ax + bya + cz* = 0,

in which the triangle of reference is self-conjugate in respect

to V. We have then

0 = (bc -0) az + (ca-0) be + (ab - 0 ) C.

Again, from (T. 53) , we see that

fiyz + 9ıza + hay = 0. : (2)

represents a curve circumscribing the triangle of reference .

Hence we say that, if V has the form of (2) , O will vanish,

since, in that case, ay = b = c = 0 ; that is, 0 will vanish when

the triangle of reference inscribed in V, is self-conjugate in

respect to V. If we reverse this relation, taking the triangle

of reference as self-conjugate in respect to V,

0 = (bc - fº ) a, + (ca - g ) 6, + (ab - h *) .... (3) ,

since in this case fi = 9i = h = 0.

We see that (3) will vanish if we impose the condition of

equal roots in the general equation ; that is, if be = f", &c.,

which is the condition of coincident tangents, or that s as a

line should touch V ; that is, that the triangle should circum

scribe V while self-conjugate in respect to V ,, in which case

O = 0.
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62. Since V= ka’ represents a conic having double contact

with V , a being the chord of contact, if now V represent

the general equation in 2 , y, 2, and lx + my + nz the equation

of a line in trilinear coordinates, the equation of any conic

having double contact with V on the points of intersection

with the given conic, can be written

kV + (lx + my + nz) = 0 (1) ;

and suppose it were required to so determine k that this equa

tion may represent two right lines. In this case A remains

unaffected, but o evidently becomes

( bec - 52) 2 + ( ca - g )̒ mº + (ab - hº) n +2( gh - af) mn

+2 (hf - bg ) nl+ 2 ( fg - ch ) Im = 0.

But since, by hypothesis, V , breaks up into two right lines,

4, = 0, and 0 also vanishes, since there is double contact, or

the intersection of the two lines is on V ; hence the cubic in K

reduces to AK + ' = 0 .

In other words, there are two roots = 0, and we have

KA + 0 = 0 .... (2)

to determine the other. When there are two equal roots, the

conics touch each other ( Art. 59) . Hence, finding the value

of k in (2) , and substituting it in (1) , we have

OV= A ( lx + my + nz) ',

which is the equation of the pair of tangents at the points

where the conic is cut by the given line. Where 0 = 0, re

presenting its new value as above, we have the condition that

the line touches the conic, and the tangents coincide with the

line.

63. It may be well here to remind the beginner, that

by a tangent is understood, analytically, in general, a line

meeting the curve in two coincident points, and that when
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the curve breaks up, as we have supposed, into two right lines,

the only tangent which can meet such a locus must be on the

intersection of these right lines ; and since a curve of the

second degree may always have two tangents, both tangents

must coincide with the line at the point of intersection.

We know that, when V and V , represent conics, V + KV, = 0

represents a conic passing through their points of intersection .

If now the condition were sought that the line læ + my + nz = 0

should pass through one of these points, we may equate z in

V to 0 and in the equation of line = 1 ; and then, substituting

the value of y found from the equation of the line in V = 0,

we have a quadratic in æ whose condition of equal roots we

wrote in the last Article, viz .,

0 = ( bc - f*) 12 + (ca - g )̒ m® + (ab - h %) nº +2 ( gh - af) mn

+2 (hf - by ) nl + 2 fg - ch ) im.

Let this right member now be represented by E , the condition

that the given line touches V. If in this expression we write

a + ka, for a, b + kb, for b and c, we shall manifestly have the

same condition for V + kV1, or any conic of the system , which

we had for V. Hence, multiplying out, we have, for the co

efficient of k,

(bci + b c- 2ff.) 72 + (car + ca - 299 .) m² + (ab,tayb - 2hh )na

+2 (ghi + gih - afı - a7f) mn+2(hfi + hif - b91–619) nl

+2 ( f9i + fig - chi - cıh ) lm .

Representing this by 0,* and the coefficient of k by ? , we have

ΕΣ, + kΦ + Σ = 0.

The condition that this equation should have equal roots is

Q = 4281; or is the condition that the given line should pass

through one of the four points ; and as the envelope of this

* When 0 = 0 we have the condition that the given line shall be cut

harmonically by V and V. It is also to be observed that this condition

is a contravariant of the system ofconics V and Vi.
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a

system is clearly only these four points, the equation last

written may be regarded as the envelope of the system . It is

to be remembered that we are here really discussing functions

which remain unaltered by change of axis, because, if V and V

by transformation to a new set of co-ordinates become 7 and

Vì, then V + kV, becomes ū+kV, k still remaining constant.

Now h
9 = 0 is the determinant whose vanishing

h b f .

9 fc

is the condition that the general equation may represent right

lines. Differentiatin
g this function with reference to each of

its letters , we have the coefficients of above. Also both o

and 2, are functions of A, in such manner as to possess the

character of invariance.

1

64. If we seek the condition that

la + mß + ny = 0

shall touch the conic represented by the general trilinear

equation (T. 43)

aa? +682 + cy? + 2f3y + 2gya + 2haß = 0. ......... (1 ) ,

we shall have the condition represented by 2, as above. For

the coefficients there given, bc - f?, &c. , we may write A, B,

&c. , or

Al + Bm + On + 2Fmn +2Gnl + 2Hlm = 0 ...... (2) ,

which is sometimes called the tangential equation of the conic.

If between this equation and the equation of the line we elimi

nate n, we shall have a quadratic in, and the condition of

two equal roots, or that it breaks up into straight lines ; or,

which in this case is the same thing, the envelope of the line is

(BC - F ) a ' + (CA - GP) $*+ &c. = 0 ......... (3 ) ,

an equation symmetrical with the latter in l, m, n and
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we have

its coefficients in small letters, the former in a , ß, y and its

coefficients in large letters. We may see, then , that the enve

lope of a line whose coefficients fulfil the condition is the

conic (1 ) , for we have only to substitute for A, B, &c. , their

values bc - f ?, & c., and (2 ) becomes AV= 0 when V = (1) .

Consequently, if we write the trilinear equation corresponding to

Σ + Σ , = 0,

AV +kD + k’A, V, = 0 .............. (4) ,

in which D is symmetrical with Ø ; that is,

D = ( BC, + B ,0—2FF ) aº+&c. ,

an equation in x, y, z when Vand V , have the meaning we have

heretofore assigned them.

The envelope of the system (3) is

D % = 444,7V ;

but the envelope in this case is the four common tangents.

Hence this is the equation of the four common tangents to the

two conics.

To illustrate this, take the two conics

**+ 3y +5z = 0,

2x + 4y2+672 = 0.

A =15, 4, = 48, A = 15, B = 5, C = 3,

A = 24, B , = 12, C = 8 ;

D = 2 (18+ 20) x2 +18 (10 + 6) y +30 ( 4 + 6 ) 7.
Hence

(76x*+192y + 300z ) = 2880 ( **+3y + 5z*) (2x+ 4y + 62 )

is the equation of the four common tangents to the two conics.

If 3y - 2x*-4 y = = V ,

202 ya
and -1 = 0 =

3

what is D ?
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65. As has been before intimated, an invariant is a function

whose vanishing indicates some property of the curve inde

pendent of the axis to which it is referred. In the same

manner , as we know, covariants are particnlar loci whose

relation to the equations whence they were derived is inde

pendent of the axes of these given equations. In other words,

the two functions agree so far as axes are concerned .

Turning our attention now to covariants, which, as we have

seen, contain the given variables, we may find our illustration

in the system of conics we have been considering, V and Vu,

which we will again refer (Article 56) to their self- conjugate

triangle, that is,

V = ax +by' + cz,

V = 2? + y + z .

If we proceed now as in the last Article, we find

A = bc, B = ca, 0 = ab,

A, = B = 0 , = 1 ;

consequently

D = (ab + bc ) a ? + (bc + ba) y ' + (ac + cb ) ...... ( 1) ;

equation (2) of the preceding Article becomes

Al+Bm + Cn2 = 0,

or the condition that a line should touch V. Hence the locus

of the poles with regard to V , of the tangents to Vis

Axé +By®+ Cz* = 0 (2) .

Adding (1) and (2) , we have

( A + B + C ) (202 + y + za) = D.

Or, since (Art. 56) O = A + B + 0,

we have OV , = D as the equation of the polar conic of V with

respect to V , in terms of the conics of the system and the

conic D. The locus OV, = D is therefore a covariant of Vand

Vy, and this relation will not be altered when V and V , are



INVARIANTS . 69

transformed to othes axes. Similarly, 0,7 = D is a locus, a

covariant, the polar conic of V , in regard to V.

Returning to o = 0 ( see note, Art. 63) , we see that it

becomes, retaining the same expressions for V and V,

(6 + c) 12+ (c + a ) ma + (a + b ) n = 0,

which may be called the tangential equation of the conic

enveloped by a line cut harmonically by V and V. Now the

trilinear equation, as found from this, is of the form of

equation (3) of the last Article, that is,

BC # + 4y+AB2 = 0,

or

or

(c + a) (a + b ) x2 + (a + b )(b + c) y* + (c + a ) (b + c) 2 = 0 ... (1 ),

since in this case A = (b+ c) , &c.

Adding the value of D to ( 1), and reducing, we have

OV + 0,7 - D = 0

as the equation, a locus, covariant with Vand V1, expressing

in terms of these conics a conic enveloped by a line cut har

monically by the conics in question. If D breaks up into two

right lines, we have simply A = 0 in equation ( 1),

(ab + ac) (bc + ba) (ac + ab) = 0.

66. It would be a profitable exercise for the reader, at this

stage, to reduce a few conics to the forms

and + y + z = 0,

ax: + by + cz = 0.

This can be done with the help of

AKS + + 0k+ , = 0 . (1 ).

That is, the roots of this equation will give us the new a, b, c ;

then we shall have

22 + y +z = V , ax * + by® + cz* = V,

when 7and V , are the given conios.
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We shall still need one more equation, and for this we can

conveniently use equation (1 ) of the preceding Article,

( ab + ac ) a + (bc + ab)y2 + (ac + cb) z* = D,

with this caution, that, as the discriminant of V is 1 , D must be

divided by a to put the three equations upon the same relation .

Thus, if V and V , are

w? — 2xy + 2y - 4x + 6y = 0,

3x* — 6xy + 5y2 – 2x— 1 = 0,

we see these are of the general form

ax? + 2hxy + by+ + 2gx +2fy + c = 0 .

The A of the first is -5 (Art. 55) ,

0 = -14, 0 , = -9, 4, = -11 ;

and since ( Art. 56) the roots of (1 ) , when the conics are re

ferred to their self -conjugate triangle, are -a, -6, -c, the

actual form of (1) for numerical use must be

AK - OK * + 0k - , = 0,

or in this case

–568 + 14k – 9k + 11 = 0................... (1 ) .

In order to calculate the covariant D , we must first know

A , B , C , A , B, C, &c.

These may be computed by equation (2) , Art. 64.

V gives us V gives

a = 1 ,

h = -3,

b = 2, b = 5,

g = -2, 91 = -1,

f = 3, fi = 0,

c = 0 ;

As given in Art. 63 ,

A = bc - f", B = ca - g? C = ab - h”,

F = gh - af, G = hf - bg, II = fg - ch.

a, = 3,

h = -1,

C = -1.
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In the same manner A, = b ,c -fi , &c.

The value ofD must be computed from the general equation,

wbich we now write in full,

( BC, + 3,0-2FF ) * + (04, + 0,4-2GG ) y

+ (AB, + A , B - 274 ) +2 (GH , + G , H - AF , -4, F ) yz

+2 (HF, + H , F - BG - BG ) az

+2 ( FG , + F ,G - CH - CH) = D.

Now suppose the roots of (1) to be represented by a, b, c

( the new a, b, c) , and we shall have

X + Y ' + Z ' = V ,

aX + 6Y? + cZ ' = V1,

D

(ab + ac) X + (bc + ab) Y + (ac + ab) 2 =

From which we can obtain the values of X , Y , Z , which

were required . The reader can complete this example. These

computations are important on account of their frequent

occurrence in geometrical investigations, as will be seen in a

succeeding Tract.

67. Another of a large class of examples will show how in

variants determine the situation of a conic, as for example a

fixed locus.

Let us take V, a curve circumscribing the triangle of

reference (T., Art. 53) ,

that is, 2 (ußytvya + waß ) = 0.

Let V , be touched by two sides of the triangle. This can be

represented by the tangential equation, in this case (T. , Art.

54 ), by a ’ + 62 + 71—2By - 2ya – 2aß (1 +wk) ,

since a=0, B=0, in each case, satisfies the equation, giving

perfect squares. Then will kV+ V1, a conic passing through

their intersections, be touched by the third side of the triangle.

Computing the invariants as before, we have
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A = 2uvw ,

0 = -2-03-23—2vw -2uw— 2uv-2uvwk

- (u + + 00) ? — 2uvwk,

0, = 2 (u+ v+ w) (2+ wk ), A, = - (2+ hk ) .

From which we obtain

0,' = 4A4, k +404,

and, eliminating the parameter ke between this last equation

and kV+ V, we have the envelope of the third side of the

triangle ofreference; or --which , in this case, is the samething

by substituting the value of k , derived from that equation, in

the latter, we obtain, plainly, a fixed conic touched by the

third side, that is,

( 0,8-404 ) V = 444,V.

When ,' = 402, k = 0, and is simply the condition that the

three sides of the triangle are touched by V.

68. If I and m are any lines at right angles to each other

through a focus, we can construct an equation, a particular

form of u'a + v * f ? = wy, ( T., Art. 47)

that is , 72 + naa = e'y

where y , the polar of the focus, is the directrix . If e = 0, as

in the circle, we have the equation which determines the

direction of the points at infinity on any circle ; or, in other

words, 7 + me = 0

is the tangential equation of these points, or the condition that

the line la + mg = 0

should pass through one of them .

Now the necessary relation between these constants, in order



INVARIANTS .
73

that this line may touch the carve represented by the general

equation, sometimes called the tangential equation of the

curve, is given Art. 63, equation (2) . Distinguishing this by

S, let us proceed to examine the discriminant formed from

S+ k ( 12 + m%) ,

which is 4°+kA (a+ b) + k * (ab - h ).

Form also the discriminant of

S +ks,

which is 4 ° + kad, +k+4,0+kA ,

and we see that a + b corresponds to e, and ab - h * to 0. Hence

we say that, the invariants of any conic and a pair of points

at infinity being formed , we can express the condition, by

placing , = 0, that the curve is an equilateral hyperbola, and

by 0 = 0, that it is a parabola . This result follows from the

theory of invariants, - viz .,that whatever homogeneous relation

is seen to exist in the one case will also exist in the other, ir.

respective of the coordinates in which the curves are expressed

or the axes to which they are referred .

We now seek for the corresponding expression in Trilinear

Coordinates. The length of the perpendicular on one of these

four imaginary common tangents from any point must be in

finite. Hence the denominator ofp (T., 20) must be put = 0,

that is,

7+m²+na — 2mn cos A-2nl cos B-21m cos 0 = 0

must be the general tangential equation of the points in ques

tion in trilinear coordinates . Combining this with S , as before,

we find that 0, corresponds to

a+ b + c- 2f cos A- 2g cos B-2h cos 0 ,

which, equated to 0 , is the condition that the conic S + k8,

shall represent an equilateral hyperbola.

In this computation the coefficient of k only, it is evident,

need be formed, which divided by A must give the condition
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sought. To find the condition that the curve shall represent

a parabola, it will be necessary to form the coefficient of ka

and then divide this result by Az .

68. By the theory of foci, the four tangents drawn through

the two imaginary points at infinity on any circle form a quad

rilateral, in which two of these vertices are real and the foci

of the conic. Now, since S+ kS, touches the four tangents

common to S and Sı , it will represent these two vertices or

foci in question, when k has been so determined that the

conic (8+ kS) reduces to a pair of points, with the condition

that S, represents the two points at infinity.

To find these foci, we proceed to find the value of k in

(ab - h ?) k + A (a + b) k + A' = 0,

which, substituted in S+ k (1+m') , gives two factors, viz .,

(19**m +u) ( : + m %: +n) ,
X 2

2و

in which 27, 41 and @g, Y2 are the coordinates of the foci, one
Wy Za 2 g

value of k giving the real and the other the imaginary foci.

As a simpleillustration, letus seek the coordinates ofthe focus

of 22+ 2xy + y - 2x-2y +2 = 0.

Here ab - h ' = 0, and consequently

A’ + kA (a + b ) + k * (ab - ha)

reduces to 271 +4' = 0 .

But A = 2 + 2-1-1-2 = 0 .

Hence S, or

Al + Bmº + Cn° + 2 Emn + 2Gnl + 2Hlm + k (7% + m *),

12 + m - 21m or (l -m) ( 1 -m) .reduces to
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Therefore the cordinates of the focus are 1 , 1 , if we regard

2 , as the linear unit in the equation of the line

la , +my, + nzi.

But if these variables are conceived of as functions of one

another, or the line as a function of the variables, then, as zx = 0

and the coordinates are represented by 21, 91, these become
2 ,' 21

infinite , which result is still consistent with the geometrical

conception of the foci of the parabola, where one focus is re

garded as at infinity.
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