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PREFACE TO TRACT NO . II .

2

MINISTERIAL and other duties have prevented the earlier

appearance of this Tract.
The delay has afforded an

opportunity to those persons who have become acquainted

with the proposed plan of this Series of expressing their

opinion upon the merits of such an undertaking .

A considerable number of Professors and Amateurs

have been pleased to signify their approval of this effort,

and to give me more than deserved commendations. I

have no object in referring to this, except so far as to

certify that the purpose in view is a good one, and that

the means adopted, while novel, are likely to prove in a

fair measure successful. I take this opportunity of again

urging upon those to whom these Tracts may come the

great importance of the study of the Modern Mathe

matics, not only in their various subjects as educative

instruments, but also as the best media of investigation.

The extent and value of the new methods, together with

the duties of those capable of teaching them, are happily

expressed in a letter to me from M. Hermite, dated Paris,

October 28, 1876, who will probably pardon the liberty I

take with his communication, on the ground that the fol

lowing extract is of public importance :

a
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“ Les vues exposées par vous, Monsieur, dans la pré

face de cet ouvrage [ Tract No. I.] sur les obligations

qu'imposent à l'enseignement les grands progrès de la

science de notre temps, je les adopte pleinement, et,

autant qu'il m'a été possible, j'ai essayé de m'y con

former dans mon Cours d'Analyse de l'Ecole Polytech

nique. Une grande transformation s'est déjà faite et

continue encore de se faire dans le domaine de l'Analyse ;

des voies nouvelles plus fécondes et je crois aussi plus

faciles ont été ouvertes, et c'est l'ouvre de ceux qui

veulent servir la science et leur pays de discerner ce

que les éléments peuvent recevoir de l'immense éla

boration qui s'est accomplie depuis Gauss jusqu'à Rie

mann ."

I am also indebted to Prof. Benj. Peirce, of Harvard ,

for a communication in reference to the form of Laplace's

equation for secular perturbations, referred to on p. 41 of

Tract No. I.

Without detracting from the value of the Ancient Geo

metry, it is believed that a considerable portion might

be omitted , if necessary, to give place to the Modern ,

and that our regular college curriculum would be greatly

enriched by such substitution .

In any event, I hold it to be the duty of every teacher

of Geometry, whether in the form of analysis or synthesis,

to incorporate in his instructions large masses of the New

Geometry, unless, indeed, there happens to be a Chair

devoted to this especial science.

In presenting Trilinear Coordinates, it is not proposed

to supersede the Cartesian, nor even to regard them as

inseparable from them ; but to show (as Dr. Salmon has
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shown) the peculiar province and power of each . In this

Tract it has not been thought necessary to advance far

in this comparison. The student will quickly see where

he can most advantageously employ the one or the other,

or, leaving both, press into his service the Triangular or

Tangential Coordinates.

All that could be attempted in a work of this size is

to give a syllabus of the more common equational forms,

and to exhibit, in as simple a manner as possible, their

genesis.

There are other systems of Coordinates which space did

not allow me to exhibit ; the quadrilinear, which involves

four straight lines as lines of reference, is one of some

importance.

Another form of Coordinates I will just mention, the

description of which has been communicated to me by

Rev. Thos . Hill, D.D., LL.D., late President of Harvard.

These Coordinates consist in defining a curve by express

ing the length of a perpendicular let fall from the origin

upon a normal as the function of its direction. Thus, if

O represent the angle contained by the perpendicular and

the axis of X , then p = f (0) . These are known in this

form as Watson's Coordinates . Dr. Hill has modified

this system, and succeeded in achieving some very in

teresting results . (See Proceedings of the American

Association for the Advancement of Science, 1873–75 .)

For my first interest in the subject of this Tract I am

indebted to a paper read before the Royal Society of

Edinburgh in 1865, and published in the Messenger of

Mathematics of the year following, the author of which ,

Rev. Hugh Martin, D.D., has exhibited in that paper
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1

much of the power and originality which characterise his

well -known treatise upon “The Atonement.”

It may be said , however, that works upon Modern

Geometry do in general suggest the treatment of their

subjects by the method of Trilinear Coordinates. They

do, indeed, suggest far more than has been attempted

here . In the works of Mulcahy, Townsend, Salmon ,

Ferrers, Whitworth, the recent volumes of Dr. Booth,

Carnot, Steiner, Serret, Rouché and Comberousse,

Bobillier, Cremona, Briot and Bouquet, Chasles,

together with the journals Annali di Matematica

pura ed applicata (of which Cremona is co -editor ),

Comptes Rendus des Séances, that of Crelle and Bor

chardt, Nouvelles Annales de Mathématiques, may be

found much that leads to, and much more that leads

beyond, that which now follows.

Books, at best, are but poor substitutes for the living

teacher. Under familiar, oral teaching the difficulties

which otherwise too frequently envelope the student

rapidly disappear. Hence I would again emphasize the

importance of admitting these subjects to our colleges as

parts of the regular course .

Since the publication of Tract No. I. , the heads of two

of our leading Universities have made haste to inform me

that some parts of the Modern Mathematics I am endea

vouring to enforce and popularise are taught in their col

leges. I profoundly wish that these exceptions were made

the rule .

W. J. W.

CHAMBERSBURG, PA.; 1877.



TRILINEAR COORDINATES.

CHAPTER I.

FUNDAMENTAL EQUATIONS.

1. The fundamental equation of the straight line in Tri

linear Coordinates is

la + mp + ny = 0.

2. The apparatus for expressing this conception consists of

a triangle of reference, whose sides are called the three lines

of reference.

3. The angular points of this triangle are indicated by A at

the vertex, B at the left, and C at the right ; the lengths of

the sides opposite these angles by a, b, c ; and the perpen

dicular distances of any point from BC, CA, AB by a , b, y.

The distance a may be described as reckoned downward or

upward from the given point, B to the right, and y to the

left.

4. We may say , in general, that the position of a point in a

plane is known implicitly when its perpendicular distances

from any two sides of the proposed triangle are given . Its

perpendicular distance from the third side is then given by

these data , for manifestly

2A- (16 + cy )
= a,

a

where A = area of given triangle.

B
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= 24

5. By attention to the figure, which scarcely need be drawn,

we are clearly presented with the equation

aa + bB + cy ( 1 ) ,

which is found by taking the sum of the areas of the three

, ,
bB cyaa

2'2'
respectively.

2triangles APC, APB, BPC, by

a

Observing that = r sin A,
2

(1 ) may be written

6

= ,
2 = r sin B, = r sin C ,

2

a sin A + ß sin B + y sin C = = V,
r

These equawhere r = radius of the circumscribing circle .

tions hold , whether the point is situated below BC, within the

triangle, or above the vertex .

In the first case, by convention , aa is regarded as negative;

in the second , each term as positive ; while in the last aa is

alone positive.

6. It will be observed also that the point is equally deter

mined if the ratios of the three perpendiculars are given, for

we see at once that each ratio determines a locus, which is a

line drawn through the angle upon which the point is situated.

The point sought is at the intersection of these lines .

7. Before proceeding further, it may be well to exhibit in

full the process for deriving the equation of the straight line

(Art. 1 ) .

Let P , P, be the given points ; a fin , a, ß,72 their coordi

nates ; and P, P , the straight line whose equation is to be

determined. Take any point P on this line, and let its co

ordinates be a, b, y ; then , by similar triangles,

PP1 : PP , :: az α . α - az : B1- B : 8 - B2 : 71-7 : 7-72;

or, taking the last two ratios, we are immediately presented

with the two determinants (D. 2 ; i.e. , Tract No. I., Art. 2)
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βι γι Υ

18x1= 1 MASTI,
;

likewise
γι αι

α
Υ

| Y2 α. ana xeleaj - 02 Y1-72

ai B

aj 6.2 16 - B amali

a = 0

“123:1*81%.1+ 1: 31= ...(1).

-

If now we multiply these equations respectively by a , 6, 7,

and add, we shall have at once

Bini + aB + yla B ( .

02 a,

Let now these determinants in this last result be repre

sented by l, m, n respectively, and we have

lu + mp + ny 0 ...... (2) .

And since 1, m, n represent constants, and since also a, b, y

are the coordinates of any point of the line , this equation ex

presses , as before stated in (Art. 1) , the conception of the

general equation of the straight line in trilinear coordinates.

Cor. 1.—This is also plainly the equation of a straight line

through two given points .

Cor. 2.-The ratios represented by l, m, n are manifestly

constant whatever the position of P on the locus, which in

volves also the deduction that this locus must be a straight

line .

-

8. The condition of concurrence . — Let the straight lines be

La + mif + y = 0 ( 1 ),

lya+myß + n , y = 0 .. (2) .

These equations, regarded as simultaneous, must have a , b, y,

as the coordinates of a common point. To obtain the ratios,

we are presented with the determinants (D. , Arts . 10 , 12)

>

+ m1 1 1

į mi ni

1, т . п .

п , пі

m2 n2 +63171551
mi

12 m2

;

п , 1,

B 2
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1 : 1 2
1 m2%

otherwise

a : 3 : 7 :: т . п. : n 1 : 2 m

т, по na la

Hence the trilinear ratios of the point of intersection are de

termined .

Cor . — The general equation of a straight line passing

through their point of intersection may be written

la + mb + ny = k (la + m + ny) .... (3 ) ,

where k is any constant; for the locus of (3) must pass through

every point common to the loci of (1) and (2) .

=

9. Three straight lines, as

la + mil +ny = 0,

l,a + maß + n2 y = 0 ,

lza + mas + ngy = 0,

present the determinant (D. 6)

mi ni = 0

1, т . п.

lz mz N3

as the condition that three straight lines shall have a point in

common.

=

10. The condition of parallelism . — Let the two straight lines be

la + mb+ny = 0,

la +mb +ny = 0.miß

Let us find the condition of parallelism .

Suppose a , b, y, f, g , h the coordinates of two points in the

former ; ai, Bi, Yi , fi, 91, h, the coordinates of any two points in

the latter.

If these lines are parallel, the geometry of the figure requires

a- f : ß- 9 : y-h :: 07 - fi : 8-91 : 71 - h .

Let us seek an expression for this in terms of the constants

of the given equations and the triangle of reference.
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: 2A,

we have .... (1 ) .

Remembering ( Art. 5) that

aa + bB+ cy = 24,

and consequently af + bg + ch =

a (a – j) + b (B — 9) + c (r - h) = 0 .....

Also, since la + mb + ny = 0,

and If + mg + nh = 0,

we obtain
l (a-f )+m (B - 9) +n (y-h) ....

Equations (1) and (2) give the eliminant (D. 39)

: (2) .

=-0,11 1

1 т п

аъс

from which we derive the ratios

a - f : ß - 9 : y - h :: m n 2

: 10 21: 1.
і т

a b 1 9

5 с

likewise

9 , -fi : 8-91 : 71 - h ::

1
nh :miny

7 C

mi

1 1 ;

с a а ь

hence

. :: .

**1: 10 21:16****1:11: 13 |mal 1:12
т , пт

bb са с a α και

Multiplying each of these ratios by h, mi, m, and remember

ing how they were derived, we have, by restoring,

+ mi n ?m n

b c

7 | m

aьса"17 : + ): 2 +

****** |03 +* 1871
:: + m п + ni mi

b с a a

These are (D. 6) the expanded determinants for

m1

| :11393
li mi ni

m

6

n ney

C α C
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By (D. 7 ) the right-hand determinant vanishes, and hence

N = 0 *1 mi

7 m n

α 6 с

is the condition of parallelism ; or, by reverting this determi

nant, it can be written (D. 12)

a A +B + 0 = 0 ( 3 ) ,

and in this form is easily remembered.

11. Excursus on the straight line. Wehave obtained ( Art. 5 )

the equation

a sin A + B sin B+ y sin C = = a constant ;
r

and therefore we may write

la + mb + ny + k (a sin A +B sin B + sin C) = 0

as the parallel of the line

la + mb + ny.

This follows from the analogy of the Cartesian coordinates,

where, it will be remembered, two lines differing by only a

constant are parallel . Also, if two equations are so connected

that their difference is ever a constant, their sum represents

their parallel and is situated half-way between them.

In the last Art . , equation (3 ) is the result, in fact, of elimi

nation between three equations, one of which is the impossible

equation aa + bB + cy = 0 ;

impossible at least in any finite conception , since we have

* That this determinant may rigorously be equated to 0 is evident from

the consideration of the ratios , when it will be seen we have been, in fact,

con ined with only one equation.
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proved it equal, in every position of the origin, to the area of

the triangle of reference . Here again, after the analogy of

the Cartesian, of which trilinear coordinates may be regarded

as a particular case ,* we may interpret

aa + bB + cy = 0

as a line situated at an infinite distance from the origin, or we

may say that every straight line may be regarded as parallel

to the straight line at infinity.

Thus, analytically :

The ratios ( Art. 8) a : 6 : y express the relations of the

coordinates of the point of intersection of two straight lines.

The actual values are evidently given by the three equations,

aa + b3 + cy = 24,

latmıß + niy = 0,

la + m + n2y = 0 ,

1

a

where

та п,

2A

a b с

1 т, па

1, т . п.

m2 n2

Writing A for the minor in the one case, and A; for the

determinant in the latter, we have

2ΔΑ

a =

A

When a becomes infinite, A, becomes zero. But this ex

presses the condition of the straight line at infinity ; that is,

the point of intersection lies at an infinite distance.

But this is also the condition of parallelism of two straight

lines.

* Salmon's Conics, p . 64 .
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a C

a C

The determinant, therefore, to represent parallel straight

lines, may be written

A1 = b - 0,

b

la ma na

which identically vanishes, and where it will be seen the ratios

1 : m : n are merged in, and have become identical with,

a : 0 : c .

-

= 0.

12. The condition of collinearity. — Let the three points

afini, a ,B272, azzy be determined in the same straight line.

We see it is only necessary to accent the a , b, y of equation ( 1 ) ,

(Art. 7 ) , change aj to a2, to B2, &c. , and we can write the

condition at once

72 Bi az 02 B2

Үз аз

By ( D. 6) , α, β, γ,

da

az 33 73

which is the condition determining three points in a straight

line .

" $ % +A1:2 | + |IB3 az ß ,

-0 ,

B2 72

:

The following well-known theorem will illustrate this :

Let P be a point within the triangle of reference . Through

this point let straight lines be drawn from A, B, C to meet the

opposite sides respectively in A , B, C ; these are the angular

points of a triangle whose sides, when produced, will meet the

corresponding sides of the first triangle in three points which

lie in a straight line .

Suppose f, g, h the coordinates of the point P ; a , b, y those,

of any point, as Aj . Then a = 0 ; and, by similar triangles,

g and h will be the ratios.

A, will therefore be represented by 0, g, h.

For B, g of course is 0, f and h its ratios, since : y :: g : h.

Hence, in the same manner, B , is represented by

f, 0, h.
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1
5

Hence the line joining A1 , B, is ( Art. 7 , Cor. 1 )

9
h + g

1
0 h

a = 0.

" 1 %% ] +PVM ;I+h f fo

=Otherwise agh + Bhf - yfg = 0 .... (1 ) ,

which may be written , the line

gh, hf, -fg,

using the coefficients only to represent the line.

Recurring again to equation ( 1 ) , ( Art. 7) , we see that, if

71 , 72 are each = 0, we must have, for (2) of the same Article,

Da + 03 + ny = 0 .................. (2) .

2

But this condition attaches to the line AB, which is there

fore represented by 0 , 0, 1 .

The intersection of A , B , and AB is therefore the concur

rence of ( 1 ) and (2 ) , which (Art. 8) is the point

fh, -gh, 0 ;

f, -9, 0.or, by ratios,>

BC and B, C , will intersect, similarly, in

0, 9, -h ;

-f, 0 , h.and AC, 4C, in

Hence , since = 0,f -9

-f 0

0
g

0

h

-T

the lines (AB, 41B ), (BC, B, C) , ( AC, A, C) meet in points

whicb are collinear.

13. Another illustration of the use of these coordinates is

found in the proof that the straight line joining the middle

points of two sides of the triangle of reference is parallel to

the third side. If the points be taken on BC and AC, then



16 TRILINEAR COORDINATES.

equations (1 ) and (2 ) of the last Article will represent the lines

to be considered, remembering only to accent two of the co

ordinates, when (1 ) becomes

ghi, hfi, -fig ;

and (2) 0 0 1 .

Substituting these in the determinant of parallelism (Art . 10 ),

we find the required expression

6 = am- b1 = ahfi— bghi ,

1

0 0 1

by giving m and I their values ; and since, if the given lines

are parallel, h = hi , we may write

afi = bg,

which accords with the geometry of the figure.

a с

m n

=

purpose the

a

>

14. The condition of perpendicularity.— The more common

method of determining this condition is by establishing, in the

first place, the angular relation of a given straight line to two

of the sides of the triangle of reference . For this

internal bisector of one of the angles may be used as an axis.

A line drawn through the vertex A, for instance, may be re

garded as known when its inclination to the bisector of this

angle is determined . The equation of such a line evidently is

concerned with but the two coordinates B, y.

Two lines thus drawn may be represented by

t ß = sy ( 1 ) ,

and tiß (2) ,

and their angular relations to the internal bisector of the

angle A by 0 and 0 .

If now these lines be conceived as drawn parallel respec

tively to the given lines,

la + m + n y = 0 ,- ,

la +mb + niy = 0 ,0

= Siy
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-

=

(4 +0) : sin ( 4. –o )

comes

A

whose condition of perpendicularity is sought , we may write,

regarding only the ratios of B and y,

(ma – 1b) B + (na – lc ) y = 0,

(ma -16 ) B + (na - hc) y = 0,

which are of the form of (1 ) and (2) .

Equation (1 ) may be treated as follows :

A
sin :: t : s.

2

This, by composition, division , alternation, and reducing, be

А
tan 0 : tan :: t-s : tts.

2

A

Similarly, tan 0, : tan :: t - 8 : t + 81
2

But the condition of perpendicularity in general is

tan 0 tan 6, +1 = 0 ;

therefore, by reduction and supplying values, we get

mm a ' + nn a'+11 ( 62 + 62-2bc cos A )

- (nli +n ?) (ac—ab cos A) – (lm + lm) (ab— ac cos A)

- (mn , + min) (a’ cos A) = 0,

which, remembering that

1 ? + c-2bc cos A = a?, 0- b cos A = a cos B,

b- c cos A = a cos C,

becomes

11-(mn, +mn) cos A + mm , - (nl + n,l) cos B

+ nnı- (lm , + lm ) cos C = 0,

the condition necessary.

GENERAL EXERCISES.

1. To prove whether perpendiculars upon the opposite sides

meet.

We perceive that the perpendicular divides any angle of the
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triangle into parts which are the complements of the remain

ing two angles.

Therefore the equation of AD is

cos B.B = cos C.y,

or, more fully,

B : y :: sin CAD : sin BAD :: cos C : cos B.

Similarly , cos A.a = cos B.B,

and cos C. y = cos A.a.

If we write the equations of these perpendiculars in order,

we see that a does not appear in the first or AD, B in the

second or BE, and y is wanting in the last or CF ; and re

membering that these are the coefficients of a linear equation ,

as, Da + cos B.ß - cos C.y = 0,:

& c . & c .,

and remembering also that, by Art. 8, the problem is simply

elimination between these three equations, the condition of

concurrence , as we have already seen, is presented by the

determinant

0 - cos

0

0

a

cos B = 0.

cos c-COS A

cOS A -COS B

= -

2. On the sides of the triangle of reference, as bases, are

constructed three triangles, similar and so placed that the

adjacent base angles are equal, and each base angle respec

tively equal to the vertex most remote ; thus :

ABC = ABO = ABC , BCA = BCA = BCA1,

and CAB = CAB = CAB ;;

then will AA , BB , CC cointersect.

Since the point A, falls without the triangle of reference ,

but within the angle A, the ordinate a must be negative. The

same applies to ß at the point Bı, &c.

We first seek the perpendiculars on a , b, c from Aį, which

are, in order,

S.sin Ci , S.sin ( C + C ) , Si.sin ( B + B ),
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S =
>

a sin B , and $ =
a sin C

where Si :
sin A sin A

Dividing these by the first to obtain the ratios, we have for

the coordinates

of A -1, h, 9,

of B1 , h, -1, f,

of C
9, f, -1,

where f represents
sin ( A + A ,)

sin A
>

» 9

sin ( B + B )

sin B

>

h
sin ( C+ 0)

sin C
22

The ratios of A are

B

o

1 , 0, 0,

0,

0, 0, 1 .0

1 , 0 ,

- =

Hence the equation of the line joining the two points A and

A, is ( Art. 7)

0.a +9.B-h.y = 0 ;

for BB -f.a + 0.ß + h.y = 0 ;

for CC, f.a -9.6+0.y = 0.

By (Art. 9) the determinant of concurrence is formed from

these three lines ; that is,

9 -h = 0.

13 |

0

-f

f

0 h

0-9

3. In the same manner, from the same figure, prove that

(BC, B , C ), ( CA , C,4) , (AB, 4B ) respectively meet in

points which are collinear.
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15. A straight line through a given point and parallel to a

given straight line.

Let ( 1 , m , n) be the given straight line, f, g , h) the given

point, ( 1 , m , n ) the required straight line.

The condition of parallelism of

la + m + my = 0 (1 ) ,

and la + m + ny = 0 (2) ,

=

by (Art. 10) , is пі
-

= 0 ;>
l.my

1

b

m

| |

" 1+ )=cal

n

a с

that is, mi mum n

b

= 0 ......... ( 3).

C a b

If the locus passes through f, g , h, we must have

4f +mg + mh = 0 (4) .

We are now furnished with three equations to eliminate

min ; viz . , (1 ) , ( 3) , and (4) .

Hence β γ

f gf g hh

A B C

is the equation sought, where A, B, C stand for the minors

of (3) .

a = 0

16. To show that b с

R S

= 2A (a- ai) ,

S

R = 1 % a 8=12
9

.
where γ α α β

γι αι αι

are the second and first determinants formed from the coordi

nates of two points (a , b, v) , (01, B1, n) ,

b 0 b

RS
β γ

α, β, γ,

0 1 0 = 2A ( a - a ).

B 24

C

a

α

α, β , 24
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βι γι

Similarly, if Q = β γ

|

a = 24 (1-6 ), and
B B . ,

S Q

с

1 talen
= 2A ( y - 7 ).α και

Q R

17. Deduced coordinates of the triangle of reference.

1st. Of the angular points.

B = 0, y = 0 .At A,

Hence
2A

αα = 2Δ, a =

a

2A

At B , similarly, 0,0,
0.

b

At C,
24

0, 0,
с

2nd . Of the middle point of BC.

Evidently be = area of triangle = cy,

and
a = 0,

=

Hence 0,
A

are the coordinates.

b ' C

3rd . Of the foot of the perpendicular from A upon BC.

The perpendicular = 2A, by 1st case..a

= r ;
a

24 24
Hence cos C =: B, cos B =

a

24 2A

and 0, cos C,
a a

are the required coordinates.

cos B

4th. Of the centre of the inscribed circle.

The point being equally distant from the three lines of

reference, we must have

24

a = = y =: f

a+ b +c

a =
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Ex. - Prove that

a = r cos A , B = cos B ,

r being radius of circumscribed circle.

=

y = r cos C ,

T =

18. Distance between two points.

Various expressions may be deduced. One only is here

given ; others will be given hereafter.

Let B, C , B , Aj, drawn parallel to the sides of the triangle

of reference BC, BA respectively, be two sides of a quadrilateral

B ,CPA, inscribed in a circle whose diameter is BP ;

(a, b, v) , (an, Bi, n) the coordinates of B, P ; r = the dis

tance between them. Through C , draw a diameter C , D .

Join A, C , DA .

AC = PC + PA – 2PC . PA,cos CPA,

PCI + PA + 2PC, . PA, cos B
(1) .

The angle at D = the angle CB, 4 , = B,

AC = CD sin B = PB, sin B = r sin B,

PO = a-an , PA = 7-9

Substituting these values in (1),

gå sin B = (a - a ) ? + ( y - > ) ’ + 2 (a – a) (y- ) cos B,

which is the required equation.

This, however, may be made symmetrical with the deter

minants formed from the coordinates of the points Bi , P.

These determinants are represented in ( Art. 16) by Q, R, S ;

also in the same Article it was shown that

=

=

C

RS

a b

Q R

2A

= Q - a , and = y - 71

2A

Hence 4A²po2 sin ’ B = X + Y² + 2XY cos B,

where X = cl bl .

X = 2 : Y = l& RR
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Developing the values of X and Y , we find

4A ” på sin’B = b ( QP + R + S2-2RS cos A-2SQ cos B

-2QR cos C) .

By ( Art. 5) , 2A sin B = Vb .

Therefore

1
r =

Vi v (& + B – ).✓ (Q² + R + S2—2RS cos A-2SQ cos B-2QR cos C) .

19. The area of a triangle from the trilinear coordinates of the

angular points.

The area of a triangle expressed as a determinant in Car

tesian coordinates, the axes being rectangular, is (Art. 10, D.)

} 1 1 1

Yı Y2Y3

X1 X₂ X₃

which, referred to oblique axes, becomes

} cosec w
1 1 1

¥ Y2 Y:

X1 X2 X3

Let (az, az, az) , (B1 , B2 , B3) take the places of x and y, and

multiply and divide by V , and we shall have

cosecc | V V V

2V B. B , BE

a, a, as

Multiply the last row by sin A and the second by sin B, and

then take the sum of these new rows from the first.

Observing (Art. 5) that

a sin A + ß sin B + y sin C = V ,

.



24
TRILINEAR COORDINATES.

we are enabled to write

Area =
73

sin Ccosec 0

2V

71 sin c

B

ai

72 sin o

B. fo

а. ag

1 Yi72 73

27 B B. B.2VB B2 B3

ai 02

or, more symmetrically,

1 a

ag

2V02

β , γ,

12 72

B3 83as

It will be observed that the angle w, between the axes, is

changed to one of the angles of the triangle of reference in

passing from the Cartesian to the trilinear system.

20. Perpendicular distance of a point from a line.

Let the coordinates of the point be (an, B2, 7a ) ; (a , b , y ) ,

(an , Bu yı ) the coordinates of two points in the line ; r the

distance between these last-named points ; and p the perpen

dicular sought.

Then pr = twice the area of the triangle ofwhich the three

points are the vertices.

By the preceding Article,

1

р D.

V

1
- .

1

1

1

But, by ( Art. 18) , Z,
V

where Z = the radical part in the final value of r.

an B2 72

B
7

D a B 21
Hence p

Z Z

a

=

Qa, + R /.+ Sy,

Z
. ( 1 ) .
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We have already seen ( Art. 7) that the equation to a line

joining two points is

la +mb + ny == 0.

But the numerator of (1) is, in fact, the same expression

under another form . As general equations of a straight line

joining two points they must be identical.

Hence we may write

la + mß +ny

р

(1 +m² + 12—2mn cos A — 2nl cos B - 21m cos C )**

© 2
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CHAPTER II.

THE EQUATION IN TERMS OF PERPENDICULARS - TANGEN

TIAL AND TRIANGULAR COORDINATES - IMAGINARIES.

21. It is necessary , as we proceed, to introduce the equation

of the straight line under somewhat different forms. We have

considered a point as determined by its perpendicular distances

from the three sides of the triangle of reference. A line join

ing two of these points has thus far occupied our attention.

Let now the perpendicular distances of the three angular

points A, B, C from a straight line be p, q , r, and let it be

required to find the equation to this straight line in terms of

these quantities.

We will assume two points on this straight line, one upon

each side of the perpendicular p ; d = the distance between:

them.

pd

= area of the triangle formed by these two points and
2

the point A.

For the coordinates of the point A we have ( Art. 17)

2A

0, 0.
a

Let (a , b, y ), (an, Bu , ya) be the coordinates of the two

given points.

Hence (Art. 19)

12A

pd = 0 0

V a

α β γ

α, β , γ,
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also
qd = 1
-

V

24

0 0

b

β η

α, β, γ,

a

2A
and rd = 0 0 .

V C

a B γ

Yia,

Multiplying these equations by aa , b, cy respectively, and

adding, we have (D. 7)

2A α β γ = 0,

(apa + bqß +cry) d
V α β γ

α, β, 21

that is, apa + bqß + cry = 0.

-

This is only another form , or a special case, of

la +mp + ny = 0,

in which l, m, n are proportional to ap , bq, cr, or to the de

terminants of ( Art. 7, eq. 1 ) .

22. The perpendicular distance of a point from the line

apa + bq8 + cry = 0 .. (1 ) .

Let the given point be ( f, g, h) , through which a parallel is

drawn ; d the perpendicular distance required.

Then the distances from A, B, C to this parallel will be

represented by the perpendiculars d+p , d+ q, d r, which,

substituted in (1) , give

a (dup) a + b (19) B + c (d+ r) y = 0 .

But, by hypothesis, this line passes through ( f, g, h) .g

Hence a (dp) f + b ( d + ) 9 + c (d + r ) h = 0,q g

(af + bg + ch ) d = F (apf + bqg + crh ),

1
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which gives d = +
apf + byg + crh

2A

an equation for the perpendicular distance.

23. The equation

d =
apf + bag + crh

2A

.

evidently gives the altitude of a triangle whose vertex is f, g, h,

and the equation of the base

apf + bag + crh = 0 .

The equations of the sides will differ only in the perpen

dicular ; hence these may be written

apıf + 69.9 + cr,h = 0,

apof + b929 + cr, h = 0 .

With these two equations, and

af + bg + ch = 24,

the values of f, g, h may be determined ; that is,

af : bg : ch : 24 :: 91 1:11 P1 P. 41:11 1 1

9% " 12 12 P2 92 Pili 11

Pq qr ra

91 71

af
92 72

1 1 1

Pi 11 11

P2 22 V

|

2A

Multiplying this equality by p, and the second and third

equations formed from the above proportion by q and r respec

tively, and adding, we have

P qr

Pi 21 11

P2 92 12apf + bag + crh
=

2A
1 1 1

P. 41 ?1

P2 12 72

d =
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a

24. We will now show the method of expressing the posi.

tion of a right line by coordinates, and that of a point by an

equation .*

Let p , q, r be the unknown, a , b, y the known , coordinates ;

then, by the equation we have just considered, we are enabled to

determine a relation between p, q , r which will be true for any

right line drawn through the fixed point of which a, l, y are

the coordinates ; that is ,

aap +bBq + cyr = 0,

which is called an equation , in tangential coordinates, of the

point whose trilinear coordinates are a , b, y.

25. To find the tangential equation to the point of intersection

of two right lines .

Let (P1 , 91, r.) , ( P2, 42 , r .) be the tangential coordinates of

the two lines ; (a , b, y) the trilinear coordinates of their point

of intersection . Evidently, then, ( a , b, v) is a point on each

of two lines whose perpendicular distances from A, B, C are

Pu, 91 , 11 ; P2, 92 , 72.

We first determine the ratios of the trilinear coordinates of

the point.

We have ( Art. 21)

ap,a + 69.ß + cr, y = 0,

and ap,a + 692B + cr, y = 0 ;

hence aa : bß : cy :: :

* LETRAS92 P2 92

Multiply each of these ratios by p, q, r respectively, and

add ; then each of these ratios

aap + bBq + cyr

P 9 1

Pi 91 11

P2 92 72

* Salmon's Conics, p. 65 .
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19

The numerator expresses a relation between p, q , r by the

preceding Article ; but the denominator evidently expresses

the same relation.

Hence p a 0

Pi 91 r

P2 92 72

is the equation required.

Otherwise, suppose

aap + bbq + cyr = 01+ ( 1 )

the equation of the point of intersection , which must be

satisfied by the coordinates of any line drawn through that

point ; but (P1 , L1 , 7) , ( P2, 92, ry) by hypothesis are perpen

diculars from the points of reference upon lines drawn through

the point of intersection .

Hence aap . + 39. + cyr , = 0 (2) ,

aapa + bBqz + cyr, = () .... (3 ) ;

that is, ( 1 ) , (2 ) , (3) furnish the determinant

20 ,
P 9

r

Pı 21

P2 22 ra

the same relation and equation as before .

26. Tangential equation of a point at infinity .

The point is clearly the intersection of two parallels .

Let ( P1, 91 , ? ) and (Pi + t, 41 + t, r+ t) be the parallels.

But the condition of parallelism ( Art. 10) is

r -

0,р 9

Pi 91 11

P. + t 4 + t riut

which may be written

19 = n = 0.
p q

P. 9111

t t t

P 9

Pi 91 71

1 1 1
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The last determinant identically vanishes, as will be seen ,

if a common factor can be taken so as to make the first row

unity ; in other words, if p=q=r. That is, points at infinity

are comprised upon the line

p = q = r ;

and equation (1) of last Article reduces to

aa + bB + cy = 0,

a relation which has already been interpreted (Art. 11 ) .

27. Since we define the equation to a point in these coordi.

nates as an equation satisfied by the coordinates of all right

lines drawn through the point, it follows that, if

L = 0,

V = 0,

be two equations representing two points in tangential coordi

nates, then the equation

L+kV= 0

being satisfied , as it evidently is , by the coordinates of L and

V , must express a point on the line joining the given points.

28. Reserving for the present the further development and

the application of tangential coordinates, we will just mention

a system of coordinates known by the term triangular.

Instead of the trilinear equation

aa + b3 + cy = 24,

ър cy

we may write + + = l ;
2A 2A 2A

aa

十

and, denoting the ratios of the left member by x, y, w, we have

*+y+ z = 1 .

The ratios
aa b3 cy

2A' 24' 24
evidently represent the ratios of the

triangles BPC, APC, APB to the triangle of reference.
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It is clear how the trilinear coordinates a , b, y are related

1

to x, y, z ; for, if we divide w by aa , we have In the same

2A

1

manner, y divided by 6B
2A

; so that

y
2 1

2Acla
cy

1

22

29. The coordinates of the middle point of BC are, in tri

angular coordinates, 0,

This appears, since bB = A.

But b3 = 2 ;

hence y = ;-

similarly, } ;

while x = 0.

30. We have seen (Art. 17) that the coordinates of the foot

of the perpendicular from A upon BC areA

2A 2A

0 , cos C, cos B.

al a

These expressions, transformed as above, become

b cos C C cos B0
9

>

a a

Referring again to (Art. 17) , we find the coordinates of the

centre of the inscribed circle, which, transferred into the

triangular system , become

Y
1

b a + b + c

Transforming the area of a triangle (Art. 19) , we have

a с

.

1 8A8 Yi
%1

2V abc X , Y. 22

X Y Z
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= ( Art. 5)

848 1
Xy Yi 2

abc 2 (a sin A + B sin B + y sin C) X , Y, Z,

X , Y8 23

= AX, Yi %1

X, Yu 22

X Y Z

The equation to a straight line joining two points is, in a

similar manner, found to be (Art. 7)

= 0.20 Y z

Xi Yi 21

X Y Z

S

The condition of concurrence is the same for both systems.

The equation to the right line at infinity ( Art. 11 ) becomes

in triangular coordinates

2+ y + z = 0 ;

and consequently the condition of parallelism ( Art. 10) is

easily transformed to

= 0.i m n

h mi ni

1 1 1

The equation to the perpendicular (Art. 14 , Ex. 1 )

B cos B = y cos C ,

transformed from trilinear to triangular coordinates, is

y cot B = % cot O.

Thus a great number of similar transformations might be

written out.

These, however, must suffice for the present, and these are

probably sufficient to give the reader a correct idea of such

changes when they become necessary . The useful applica

tions of these several systems of coordinates must be learned

chiefly from a study of lines of a higher order than the first.

31. The principle detailed by Dr. Salmon * is equally ap

* Conics, p . 33 .
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plicable to trilinear or triangular coordinates, or any system

in which a point is determined by coordinates ; that is, if

u = lu + miß + ny = 0 ,

and v = ljatmaß + mp = 0,

then will utkov = 0 (1)

represent a line passing through the intersection of u and v,,

which line , it is evident, can be made to represent any parti

cular line by giving particular values to the arbitrary con

stant k.

Let us try a simple application.

Suppose the triangle of reference circumscribed by lines

whose equations are

u = 0, v = 0, w = 0 ;

that is , representing A, B1, B, C , CA Let A, B, be produced

to some point B ,, and from B , let B , C , be drawn, and let B , C,

be the line whose equation is to be determined. Join B , C .

But C , is the point of intersection of v=0 and w=0. Hence,

from what has just preceded, B , C , will be represented by

v + kw = 0.

Also, since B , C , and A, B , (produced ) meet in By, the line

B , 02, which is drawn through their intersection, will, by the

same considerations, be represented by

ku + u +kw = 0,

which, written symmetrically and in the usual form , becomes

du tuv + vw = 0.-

It is manifest that this proof is not restricted to lines form

ing a triangle. It is equally plain that they should not be

parallel.

32. In order that a point may be determined upon the line

la +mß +y = 0,

its coordinates must simultaneously satisfy the relation

aa +b+ cy = 24.
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If such values prove to be irrational, they are, by conven

tion, said to be the coordinates of an imaginary point. Since

quadratics involve two roots - sometimes imaginary — there

will be the same number of intersections, if the question is one

of intersection , real or imaginary ,-or, more exactly , real, co

incident, or imaginary. But as this truth is so well known

and so fully exhibited in Cartesian Geometry, we shall here

consider only what is peculiar to our subject.

33. It is evident that the imaginary roots of a trilinear

equation of the second degree must be of the form

ata, ✓ - 1, B +BV - 1, rty V - 1 .........(a ).

Suppose these roots to be the coordinates of an imaginary

point. Then , by the last Article , these must satisfy the relation

aa +b+cy = 24.

Making the substitution , we have

( aa + 66 + cy ) + (aa, +66, + cy ) V - 1 = 2A ...... (1) ;

wherefore aa + b3 + cY = 0 (2),

and aa + b3 + cy = 2A (3) .

From which we see that (1) is made up of both real and

imaginary parts ; the imaginary parts satisfying (2) the

equation to the line at infinity ( Art. 11 ) ; while (3) is

of course satisfied by its own coordinates. The reader

will learn to distinguish between the coordinates of an

imaginary point and those of an imaginary point at infinity ;

that is, if the coordinates (a) had been regarded as the co

ordinates of an imaginary point (or proportional to them ) at

infinity , both (2) and (3) must have been written = 0.

34. The equation to an imaginary right line may be written

(1 + 1, -1) f + (m + m V - 1) g + (n + m V - 1) h = 0.
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35. Writers upon equations of the second degree represent

ing right lines in Cartesian coordinates are accustomed to

dispose of the contingency of two imaginary roots by referring

both to two imaginary lines drawn through the origin, thus

determining a real point. So now we say that every imagi

nary right line passes through one real point, and but one.

If we consider the equation of ( Art. 34) , we see that the

real and imaginary parts are not coincident, and consequently

the factor -1 does not divide out ; hence the equation may

be expressed utov - 1 = 0 ... ( 1 ),

in which u and v are functions of the coordinates of the given

straight line. This equation is manifestly entirely similar to

equation (1 ) , (Art. 31) .

It is also to be observed that u and v are of the first degree,

and hence u = 0

and v = 0

are satisfied by real values, which values satisfy ( 1 ) , which

passes through the point of intersection of u and v, and there

fore each straight line passes through a real point .

36. Suppose the equation to a straight line

If + mg + nh = 0

to pass through an imaginary point whose coordinates are

given in [Art. 33 (a) ] ; then

la + mB + ny + ( la , + mp3, + ny.) ✓ - 1 = 0 ;

and consequently la + mß + ny = 0,

la + mß, +ny = 0,

which equations determine the ratios of l, m , n ; or we may

determine them fully by the determinant

h = 0,

β γ

α , β , γ,

f 9
-

a
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which is the equation to the straight line drawn through the

imaginary point whose coordinates are

a + a ,V - 1, B + B V - 1, r+ x V-1 ;

and consequently

awa,a - a v - 1, B-BV -1, 7- % -1.-1,

Therefore, since imaginary roots enter by pairs into an

equation , the imaginary points of intersection of two lines

( curves) will be found upon real straight lines by twos.

37. If we have an equation of the form

ipa - mpy + ny' = 0 ...... ( 1 ),

we can evidently subject it to the same reasoning which is

applied to the quadratic

za - pæy + qyº = 0. *

Each equation is reducible to the form

( 6 - sy ) ( -8.7) = 0 ;

that is, the two straight lines

B - sy = 0 (2 ) ,

-siy = 0 ..

are real or imaginary according as we find , by the resolution

of ( 1) for the ratio B : y, that 4ln is less or greater than mr.t

Examining (2 ) and (3 ) in the light of (Art. 31) , we see that

these lines intersect in the point A of the triangle of refernece .

=

( 3 ),

38. Excursus on imaginary right lines and points.

It is evident, from what has immediately preceded , that this

portion of the subject is capable of considerable expansion,

and that this system of coordinates is eminently fitted to deal

with the Infinite and Imaginary. From what has already

been said in reference to the adaptation of the reasoning

* Salmon's Conics , p . 69 .

† Algebra, Bourdon, p. 159 .
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employed in Cartesian methods to trilinear coordinates, the

views of high authorities upon these results are interesting .

Poncelet * has discovered and illustrated geometrically the

rationale of the principles which, upon purely analytical

grounds, we are enabled to re - discover , apply, and extend ; he,

has pointed out the correspondence of points, some real and

some imaginary, and taught that theorems concerning innagi.

nary points and lines may be extended to real points and lines,

and hence shown how to indicate the properties of a figure

when some of the lines and points are real and some imagi

nary. By the method of trilinear coordinates we are enabled

quickly to generalize all those theorems which are concerned

with the line at infinity. For example, if four points on a

conic, or four tangents to a conic, are given, and it is required

to find the locus of the centre of the conic, we proceed to find

the locus of the pole of the line

a sin A + B sin B + y sin C = 0,

which also gives us, the conditions being the same, the locus

of the pole of any line

λα+μβ + γγ = 0.

In applying the method of projections, the analytic shows

its superiority over the synthetic method, by proving the

general theorem at once, rather than by inferring it by the

projection from a more elementary state of the figure.

As to the results reached in our discussion of parallelism ,

and what we have said upon the theory and use of the line

a sin A + f sin B + y sin C =

nothing is affirmed beyond what has been received , almost

without dissent, from the first, both upon geometrical and

analytical considerations. See Chasles (Géom. Sup . ) , Town

send (Vol . I. , p . 16, Art. 136) , Salmon (Conics, pp. 64, 318) ,

Poncelet (Proj. Persp ., p. 53) , Hamilton (Quaternions, p . 90) .

0
9

* Traité des Propriétés Projectives des Figures.
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38. Tangent of angle between two lines.

Let la+mB+ny = 0,

la + mb +ny = 0,

be the given lines.

If 0, 0, be their respective inclinations to one of the lines of

reference, then, by the reasoning in Art . 14, we must have as

the tangent of the difference of the two angles, that is, the

tangent of the required angle,

tan 0 - tan 0,
tan (0-0 )

1 + tan 0 tan ,'

>

which becomes, by a laborious reduction,

2 m n

my п

sin A sin B sin o

P

where P is the sinister member of the equation of perpen

dicularity given on page 17 .

This is probably the simplest form possible in trilinear

coordinates.

EXAMPLES UNDER CHAPTERS I. AND II.

1. Express the parallelism of

la + mß + ny = 0,

with AC in the triangle of reference.

Ans. : a C = 0 .

i

0

т

1

n

0

2. The same line with BC ; with AB.

D



40
TRILINEAR COORDINATES.

3. What relation of two lines is expressed by the determinant

a с
-= 0 ;b

1 0

0 1

cos B

COS A

and what are the lines ?

4. What condition is expressed by

a b с = 0 ?

m n1

0 -1 1

5. Find the angle between the lines

a = y cos B,

B = y cos A.and

6. If utv - 1 = 0, '+ 6V1 = 0 are imaginary

straight lines having a real point of intersection, then the four

real straight lines u = 0 , v = 0, u= 0, u = 0 are concurrent.

7. What is the determinant expressing the equation of the

right line drawn through the intersections of the pairs of lines

2au + bu + cw =-0, bv + cw = 0 ;

2bu tav + cw 0, av - cw = 0 ?
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CHAPTER III.

THE TRILINEAR METHOD APPLIED TO CONICS.

39. We will now call attention to the fact, which may not

have escaped the notice of the reader, that trilinear equations

are always homogeneous . If not so in form , they can be made

so by a very simple process . Since

aa + b + cy = 24,

aa + b + cy
we may write

2A

= l ;

and therefore any term of an equation may be multiplied by

this fraction without affecting the pre-existing relation of

equality. Thus, if we have

a-2aB + y = 2,

we may proceed to raise each non-homogeneous term to the

second order, as

a-2aß+y
b

2A 2A(aa + up + cy) = 2 [aa +28 +cr]
= 2

40. Another consideration, which has been referred to, may

be here emphasized ; viz ., that we are not concerned with the

absolute values of the coordinates, but with their ratios ; and

this advantage we derive from the principle of homogeneity

which belongs to every trilinear equation ; thus,

a - 2aB + y = 0

2

is , in fact,

(9) -2 (;). +1=0
+ 1 = 0 ,

B

γ

D 2
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a ß
in which only the ratios and appear. Beyond these ratios

y

it is not necessary for us to inquire.

Υ

-

.

41. It may be desirable to find the equation to the same

locus, but referred to another triangle of reference .

First Transformation ,

when the equations of the sides of the new triangle are given.

These sides being represented by equations in terms of the

perpendiculars from the angular points of the original triangle,

we have (Art . 21 )

coordinates of A, ( p, P1, P2) ;

B, (q , 91 , 92) ;

0, (r, ru, ro)

that is , apf + bq g + cr h = 0) ...... (1 ),

apıf + 6919 + cr, h = 0 .... (2) ,

ap2f + 6929 + cr, h = 0 ( 3 ),

where ( f, g, h) are the old coordinates of any point P.

To find the locus of the homogenevas equation

F ( f, g , h ) = 0 .

When referred to (1 ) , (2) , (3 ) , we observe thatf represents

the perpendicular from ( f1, 91, h )—these being the new co

ordinates of P - on the line joining B and C. Therefore

( f1, 91 , hy ) , (2 , 41 , 42) , (r, 91, ra)

indicate the angular points of a triangle whose area is found

by Art. 19 ,

1

double area = af =
fi 9 h

VVi a 91 92

Y, 12

1 1fi 9 h
Similarly, bg =

f I h

V ri 12 Vi P P1 P2

P P1 P2 9 91 92

=

1

ch =
> 2

1
1
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>from which the values of f, g, h are readily determined .

Hence, representing these determinants by Q, R, S respec

tively, we may write

Q R S

FS=a

as the equation with new lines of reference, the degree not

being changed by transformation .

42 . Second Transformation,

coordinates of the new points of reference being given .

A triangle drawn within or without the original triangle

will sufficiently represent the construction .

Let the perpendiculars from A , B , C , the new points of

reference, npon BC be denoted by P, P1 , P2 ; on AC by 9, 91 , 92 ;

on AB by r, 1142 ; , bz , Cy the sides of the new triangle ;

fu, 91, hy the new coordinates, and f, g, h the old coordinates,

of any point P. Then, by Art . 21 , we find

1

apfi + b P.91 + 1ph, = 0,

09f1 + 6,99 + 9hy = 0,

a, rfi + br.9. + greh, = 0..

Representing these equations by Q, R, S respectively, we

have, by Art. 22, the distance of P from each of the sides of

the original triangle expressed in a simple form ; that is ,

Q R S

f = 9

2A, 24 24 ,

the old coordinates expressed in terms of the new .

h =
7 > 9

43. We shall now pass on to the consideration of curves of

the second degree . An important property of these curves

was conceived by the early geometers ; viz . , that every curve

of this degree might be regarded as a conic section. What

then can be easily shown may be stated here, that the section

of a right circular cone by any plane can be expressed by a
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homogeneous equation of the second degree in trilinear co

ordinates . This can be readily proved by selecting particular

lines of reference ; and since , by the preceding Articles, we

may transform to any other lines without affecting the degree

of the equation, we may regard this as a general truth irre

spective of the lines of reference .

Let us write

ua’ + vB2 + wy + 2u, By + 20,ya + 2w, aß = 0

as the general equation of the second degree in trilinear co

ordinates .

This equation, it will be seen, contains six terms ; but as

the nature of the curve does not depend upon the independent

magnitude of these coefficients, we may simply regard their

mutual ratios, or, in other words, assign a particular value to

one of the coefficients, varying the values of the others .

Here, then, as in the Cartesian coordinates, we can find the

equation to the conic described through five points. There

are, in other words, five constants to be determined whose

values substituted in the general equation will give the equa

tion of the conic through five points ; that is ,

a Byre² B² g² ya αβ

aα' β ' γ β , γ , για , α , β ,Biri ya

= 0.

2 2

2 2

a's Bi ya Soys youg asßsа

44. Concurrence of the straight line and conic.

The well-known property that every right line meets a

curve of the second degree in two real , coincident, or imagi

nary points * is readily exhibited.

Writing the general equations of the conic and straight line,

la + mb + ny = 0,

μα? + υβ2 + υγ? + 2u βγ + 2υ , γα + 2 , αβ = 0,

* Salmon's Conics, p . 132 .
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and the simultaneous relation

aa + bB + cy = 24,,

we see from these three equations that we are enabled first to

express ß and y as functions of a of the first degree, which

substituted gives us a quadratic, and this in turn furnishes

two roots, determining two points of intersection.

45. Excursus upon the fundamental form of the equation to a

conic section in trilinear coordinates.

Conceive the vertex of a right circular cone placed at the

origin 0 of x, y, z coordinates ; XYZ the plane of section, and

also the triangle of reference in trilinear coordinates ; 02 , 03 , 0g

the angles which the perpendicular upon this plane makes

with Ox , OY, OZ ; OX and OY supposed to be at right angles

to the axis of the cone OZ and to one another ; P a point on

the curve and the origin of a, b, y.

Let a, b , c be the perpendicular distances of P from the

coordinate planes, and d the diagonal from 0 in the lower

face of the parallelepipedon .

Then the perpendiculars from P on XY = a, on XZ = B,

on YZ = y .

By the geometry of the figure, a (the perpendicular distance

of P from the plane OYZ ) = a sin 01 , b = B sin 02, and c (the

distance of P from the plane OXY) = y sin 0s,

d = a' + ,

c = d tan 0,

where 0 = semi-vertical angle of the cone.

Hence c = (a + b*) tan ' ;

that is, yo sina 03 = (a* sin’ 0, + sin (,) tanº 0,

a sin e, tan 0 +2 sin 0, tan ' 0 - y sin 0g = 0,:

which also may be written

la+ mpa+ ny' = 0,

where it is understood that the signs are not all the same.

or
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=

We have, therefore, derived an equation to a conic section

homogeneous and of the second degree in trilinear coordinates;

and in turn it may easily be shown that the general equation

ua* + +Ba + wy'+ 2u.By + 2v,ya + 2w ,aß = 0

may be made to take the form

la + mpa + ny' = 0 ;

and hence every equation of the second degree may be said to

express some section of a right circular cone.

In the genesis of this equation it is evident how we might

proceed to make some applications in tri -dimensional Geo

metry. For instance, let us take some function of x, y, z as

an equation to a surface in three rectangular coordinates, as,

f ( , y, z ) = 0 ;

and let 2 cos 0, + y cos 6, + % cos 0g = p

be the equation to any plane ; also let the traces of the coordi

nate planes upon the plane of section be the lines of reference ;

then, if x, y, z be the coordinates of any point P upon the

given surface, and if 01 , 02, 03 be the angles which the proposed

plane makes with the original plane, we must have

a = a sin 0 , y = ß sin 02, z = y sin 03 ;

and consequently, by substituting in the given surface, we

obtain the trilinear equation to the section, that is,

f (a sin , ß sin 0, y sin 03) = 0.

In the same manner, the equation to the section of the

22

ellipsoid +

a ? ca

2

1 )

27

y?

+

= l

by the same plane would evidently become

2

a’ sinº 0, ß2 sinº 0, ya sinº 0 ,
+ +

a

1 3

1 ......... ( 1 ) ,

which is easily rendered homogeneous by first finding the
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identical relation among a , b , y in the given plane ; that is,B

by substituting the values of x, y , z as above when

a sin 20, + ß sin 20, + y sin 20,γ
= 1 ;

2p

and consequently ( 1 ) becomes

a’ sin 0, A sina , ya sin? 03
+ +

a² 69 c2

a sin 20, + ß sin 20, + y sin 20,

2p

1

- [ ,+ y j =0.20.]
=

-

46. By the last Article we are enabled at once to interpret

such an equation as

aß - kyx = 0 (1 ) ,

where, by ordinary abridged notation , a = 0 , B = 0, y = 0,- , :

X = 0 are the equations to four straight lines, and k is any

constant.

In considering the given equation , we see that it is of the

second degree, and satisfied when a = O and y = 0 are at the

same time satisfied ; and hence we infer that the conic repre

sented by the equation passes through the intersection of these

lines. In the same manner, another point is determined by

the intersection of B = 0 and x = 0, and so on for the four

sets of lines determining four points through which the conic

must pass ; that is, (1) represents a conic circumscribing a

quadrilateral whose sides are a , b, y , and x.

From this we readily pass to the interpretation of the similar

equation ap - kyº = 0aß - ? ( 2) ,

which indicates that two of the opposite sides, y and x, are

coincident. And as each of the lines a = 0 and ß = 0 can

meet the conic in but two points, they must be conceived as

drawn from a point without, and hence as tangents to the

conic at the points respectively where the coinciding lines

meet the conic.*

* Salmon's Conics, p . 223 .
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-

or
-

47. The triangle of reference self-conjugate with regard to the

conic .

Returning to the equation

la?+mß' + nys = 0,

we see that it expresses no possible locus while l, m, n are

regarded as all positive or all negative ; but, as we saw in

Art. 45, these are not all of the same sign.

Let l, m be positive, n negative, and for them write u ’, vʻ, w2

respectively ; then

u’a ? + 0482 — w *y * = 0 ....... (1 ) ,

u'a ' + (uß + wy) (uf - Y ) = 0 .

After the analogy of equation (2) of Art. 46, the lines

υβ + υγ = 0,

uß- wy = 0,

must be tangents, and a their chord of contact ; in other

words, the line a = 0 , which is the equation of BC , a side=

of the triangle of reference, is the chord of contact of a pair

of tangents from the vertex A.

It is equally admissible to write (1 )

v *B * + u'a - wºy' = 0,

whence we see, as before, B = 0, which is the equation of AC,

a side of the triangle of reference, is the chord of contact of the

lines ua twy = 0,

and ua-Wy = 0,

which are tangents from the vertex B ; or, still further, (1 )

may take the form

u°a + v* 89 - W *y* = 0,

(ua + uß V - 1) (ua — uß V - 1) —w *y2 = 0 ;

whence ua + uß - 1 = 0 ,

ua - up - 1 = 0,

are the imaginary tangents from the vertex C, and y=0 their

chord of contact, which is also the equation of AB.

or
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Therefore, as we see, each side of the triangle of reference

becomes in turn the chord of contact of tangents from the

opposite angle , that is, the polar of that point with respect to

the conic ; and, conversely, each vertex is seen to be the pole

of the opposite side, or the triangle may be described as self

conjugate with respect to the conic ; which was to be shown . *

48. Intercepts of a directed line upon
the curve

la? +m2 +ny = 0 (1 ) .

Let ( a , Bu , w ) be the point from which the directed line h

is drawn to meet the conic ; 81 , 82 , $g sines of the given direc

tion all measured in the same direction, the first from h to the

parallel of BC, the second measured from the same point to

the parallel of AC, and the third in the same direction round

to the parallel of AB, of the sides , respectively, of the triangle

of reference .

Then, evidently, a = a +sh,α ,

b = + sh,

y = % + sgh.

These values substituted in (1) give a quadratic in h ; that is,

hº ( lší + msz + ns3) + 2h (ls, a, + msß, + nszy.)

+ (lai + mßi + nyi ) = 0,

The two values of h obtained from this equation will be the

lengths of the intercepts from the given point.

Suppose this point to be on the curve, we shall then have

la + m + nyi = 0,mbi

and consequently but one value to h (one intercept becoming ·

zero) , which is manifestly the length of a chord in the given

direction.

2

a

49. Locus of middle points of parallel chords .

Let the curve be the same as in the last Article ; (au , Bu yu)

Salmon's Conics, p . 227 .
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=

-

1 1

a point on the locus, and the chord from this point repre

sented by h, whose direction is given by its sines , 81 , 82 , 8g.

Then, as before,

a = a, + sih , B = B.+ sh, y = x+sgh.

Hence the intercepts of the curve are given by

1 ( a , + 8, h )' + m (6 , + s,'h )' + n ( % + sh) = 0,

which, by the supposition , are equal ; that is , the two values of h;

will appear with opposite signs ; and since they must be equal,

their sum, or the coefficient of h, will be equal to 0, and conse

quently* Is a ,+ msßi + n8zyı = 0,

a straight line giving the relation, in fact, of any point on the

locus, and hence the equation required.

50. Tangent to a point on the conic.

Let now the point (au, Bu, ya) be on the conic. We have

seen , by Art. 48, that when this point lies on the conic,

la + mbi + nyi = 0 ;

and therefore the quadratic in h of that Article reduces to

( lší + msk + ns ) h + 2 (ls,a,+msß, + n8g7.) = 0,+

which gives the length of the chord.

When, now, the direction becomes that of the tangent, the

length of this chord , that is h, becomes zero, and we have

ls, a , + msafi + n8zv1= 0 ..... (1) .

But if (a , ß, v ) be any point on this tangent, we must have

B - B

87 =
7-7

h h h

which values substituted in (1) give

la, a +mB, B +nyiy = l + mpi + nyi = 0 .+ =

a - a

= S2 S3

* Bourdon's Algebra, p. 160 .
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Hence la, a + mß.B+nyy = 0

expresses the required relation, and is therefore the equation

sought.

51. Coordinates of centre .

The reasoning is similar to that of Art. 49. The direction

of a diameter being 81 , 82, 8g, the lengths of intercepts by the

curve in this direction, measured from the centre (C1 , B1 , Yı),

will be given by the same equation as in that Article ; and

since the quadratic must, by the premises, give equal roots

with opposite signs , the coefficient of h will = 0 ; that is,

ls, a,+ msaß, + nszyı = 0 ... (1) .

For the actual determination of an , Bu %1 we have

aa , + , + cy = 2A (2) ;

but since aa + bf + cy = 24,

and a = a, + sh , B = B. +sh, y = %.+ sh,

we have as, +689 + c8g = 0 ......... (3) .

Comparing (1 ) and (3) , we get

la,

7

These ratios will enable us to find the values of an, Bu Yı ;

thus, by dividing (2 ) by or its equals, we have

a = =

mßi = nyYi
a C

lay

a

362 ca 2Ab 2AC

mp3,

+ +

m

2Δα

ια ,

=

nz
;

nyi

and therefore the coordinates of the centre are determined .

It will be observed that these coordinates enable us to de

termine the condition that the conic may be a parabola ; the

centre of a parabola being infinitely distant, its coordinates

must satisfy the relation

aa , +2, + y = 0.
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Making the substitution, we have the required condition,

that is,
a

1

72 ca

+ +

m n

0.

52. Equation of circle with respect to which the triangle of

reference is self -conjugate.

It
may be inferred from Art. 47 that when an equation of

the second degree does not involve by, ya , aſ, the conic, in

such case, is so related to the triangle of reference that each

side is the polar, with respect to this conic, of the opposite

vertex .

Let one side, as CA, cut this conic in two points ( j1, 0, hı) ,

( 2,0, h ), and let this chord be bisected. Then the equation

of the straight line from the vertex to the point of bisection

a

=

(1),
γ

is, evidently,

fith hitha2

which line passes through the centre of the conic.

We have seen ( Art. 47) that the conic may be written

u'a' v* B * + w'y = 0,

where, in this case, nothing is assumed as to which of the co

efficients l, m, n should be attributed the negative sign.

Now fı and f, are identical with the values of a given by

this equation .

We can eliminate ß and yy by the relation

aa + bB + cy = 24,

remembering that B = 0 ; and we have the quadratic

4Aw”

a ?

44?

u'c + w'a
0 ;

w²c² +w'a at

and therefore

4Awʻa

fi + f =

uc* + w *a ??
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since this coefficient is the sum of the roots of a ; by the same

reasoning we have

4Auºc

l+ hp =h
wa + uc

and consequently (1) becomes

=

a
γ

u'c'
>

wa

a line on which the centre lies, which may be written

u’a wy
= .

a с

u'a

Similarly,

v8

ba

Now it is a property of the circle that a line joining any

point to the centre is perpendicular to the polar; therefore the

ura wy
line : 0,

a C

is
perpen .which is drawn from the centre to the vertex B,

dicular to b = 0.

But, by the figure, we have

a y

cos C COS A

wa

therefore

ui?

a cos A c cos ci

similarly,

u ?

a cos A

v2

b cos B ?

and the equation of the circle becomes

a cos A a ? + b cos B B2 + c cos Cy2 = 0,

sin 2A a' + sin 2B B + sin 20 y = 0.or

The circle thus represented will be imaginary unless the

triangle of reference have an obtuse angle.
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U = 0.

(1) ,

53. The inscribed triangle.

Returning now to the general equation of the second degree,

μα ?+ υβ2 +υγ? + 2u,βγ+ 2υ, γα + 2,αβ = 0,

we see that if B = 0,

y = 0,

the equation reduces to

But this is the condition that the curve should pass through

the vertex A. In the same manner, it may be shown that when

v = 0 and w == 0 it will pass through B and C.

Under these conditions the equation reduces to

μη βγ + υ, γα+0,αβ = 0

which also may now be written without the subscripts. We

may therefore write it

ubyta (vy + wb ) = 0 ;

and since every straight line cuts the curve in two points,

the line vy+w = 0

must pass through the point where a = 0 and B = 0, since

these values alone will satisfy the equation ; but these points

are coincident, and determine the vertex A. This line could

not therefore be drawn within the curve, for it would then

meet it in three points ; it must be drawn without, and there

fore is the tangent at A.

Equation (1) is an equation of the second degree, and re

presents evidently, from what has been said , a curve circum

scribing the triangle of reference, satisfied when any two co

ordinates = 0, in which case each vertex lies upon the locus .

=

54. The conic uby + vya + waß = 0

will give values for the intercepts by the curve upon a straight

line from a given point ; the equation to the tangent at any

point ; the locus of middle points of parallel chords, in pre

cisely the same manner as has already been shown in preced

ing Articles .
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Let us here seek the condition that any straight line should

be a tangent to the conic .

Since uby + vya + waß = 0=

represents a conic described about the triangle of reference, it

passes through the point, as we have seen, where ß = 0 and

y = 0.

Let fa + gB + hy = 0

!

be the straight line . If by means of this equation we eliminate

a from the equation to the given conic, we must have, evi

dently, coincident values for B : 7.

Now the quadratic which results,

32 ß gv fu + hw
+

γ gw
(9v =jut hvo) + v1

vh

+ = 0,

gw

B
will give equal values for when the value of the radical is

7

zero ; that is, when

4hgow - (gv + hw - fu )' = 0,

or

u ?f? + v*g* + wºh?— 2vwgh — 2uwhf — 2uvgf = 0.

This
may

also be written in the form

+ Vuf+ Vug + wh = 0,

which can be verified by clearing of radicals ; and this is the

condition that the straight line

fa + gB + hy = 0

may touch the curve

ußy + vya + waß = 0.

Dr. Salmon has called this the tangential equation of the

curve.

E
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:55. Pascal's hexagon : the opposite sides of a hexagon

inscribed in a conic meet, if produced, in collinear points.

Let the triangle of reference be inscribed in the curve,

and let Axı, Bx2, C , be three of the sides of the inscribed

hexagon .

Since, if ( fi, 91 , hy) , ( f2, 92, ha), ( fa, 9s, hg) be the coordi

nates of X , X, X , respectively, we shall have, by the figure,

ß : y :: 91 : h ;

Ax, will therefore be represented by

0, hu, -91 ;

and 2 , by 92, -f, 0.

Hence ( Art. 12) the point of intersection of these sides is

9182, 9192 h192

The side. Bx, will be subject to the coordinates fa and hg ;

the side ægA to hg and 93 ; hence these sides will intersect in

the point

fihg, h293, hgha .

The sides Cæg and X , B will, in like manner, intersect in the

point f3f1, f193, hyfs.

Hence we have, by the determinant of collinearity, the

condition

91f2 9192 h , 92 0 (1) ,

faha haga haha

fififigs hf

which , as is evident, is also the condition that the three

points 21, 89, Xg lie on one conic with the vertices of reference.
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For let ( f1, 91 , h ), (12, 99, hy), ( fx, gs, hz) be the three given

points on the conic, and let the conic be represented by

ugh + vhf + wfg = 0.

Then will the three vertices of reference lie on this conic ;

and if the curve pass through the given points we must have

ug,h, + vh, fi + wfig = 0 ,

uggh, + vh , f2+ wf 92 = 0,

ugghs + vhgfs + wfs9 = 0 ;

and the determinant by which u, v , and w are eliminated is

: 0 ,gihy hifi f191

gh, hef, f. 9

9gh, hafa fs93

which is identical in result with the condition given in (1) .

EXERCISES .

1. A triangle being inscribed in a conic, are the points

collinear in which each side intersects the tangents at the

opposite vertex ?

2. Prove the theorem of Hermes, that if (an , B1 , Yı) , (a2, B2, Y.)

be two points on the conic

ußy +vya +wap = 0,

then the equation to the straight line joining them is

WY = 0 .
ua vB

+ +

0,02 B.B , 7172

E ?
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3. When does uby + vya + waß = 0

represent an hyperbola ?

4. What is the chord of contact of the tangents

u (B + y) + ( v = vw ) a = 0 ?

5. What is the condition of concurrence of the normals at

the vertices of the triangle of reference to the above conic ?

{

1



59

CHAPTER IV .

POLE AND POLAR - RECIPROCATION .

56. Inscribed Conic.

Any conic inscribed in the triangle of reference may be

represented by

vla + V mp + V ny = 0,

which, cleared of radicals, is

1* u + mº3º + n *y - 2mnßy - 2nlya - Almaß = 0,

>

be

- -

as we have seen (Art. 54) , where it expressed a particular

condition.

If we examine this equation, we shall find that it may

written in each of the three following forms :

4mnßy- (mB + ny - la ) = 0 (1) ,

4nl ay- (ny + la - mp) '= 0 (2) ,

4mlaß- (la +mB - ny) = 0 ( 3) ,

from which , as they differ only by a constant from the equa

tion interpreted in Art. 54, we conclude from parallel reason

ing that each represents a conic section in which the factors of

the first terms equated separately to zero are tangents to the

curve in whose equation they respectively appear, and the second

terms are the squares of their respective chords of contact.

Hence the lines of reference are tangents, and the conic is

an inscribed conic.

57. Conversely, every conic whose lines of reference are the sides

of a circunscribed triangle will have an equation of the form

Vła+ Vmp+ Vny = 0,=
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1

since every conic may be represented by

ua? + uß + wy2 + 2u,By + 2v,ya + 2w,aß = 0.

If the triangle of reference be circumscribed, the side BC

will be a tangent and be represented by a = 0. This value

substituted in the general equation gives

vB2 + 2uby + wy = 0,

which, from the nature of the case, must have equal roots,

that is, the left -hand member of the equation must be a perfect

ui = vw ;

that is, U; = Vvw ;

and similarly v, = + Vwu,

w = + Vuv,

are the necessary and sufficient conditions that the conic should

touch the lines ß = 0 and y = 0 .

Substituting these values in the general equation, and re

membering to write 7", m , n for u, v, w, we have

+ 1ła + mp + Vny = 0

which was to be proved.

square ; hence

S

>

( 1 ), -
-
-
-

2

=

58. Four conics may be inscribed in the triangle of reference

so related that the points of contact shall lie on the lines re

presented by + la + ny = 0.

For it is evident that (1 ) of the last Article may be written

l'a * + m28° + n ° 7 + 2mnBy + 2nlya + 2lmaß = 0,

which, writing all the doubtful signs negative, or one negative

only at a time, breaks up into the equations to four conics, and

we are presented with four interpretations similar to ( 1 ) , (2) ,

(3 ) of Art. 56. If the double signs be taken otherwise, the

locus will become simply two coincident straight lines.

These equations therefore, as representing conics, have
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twelve points of contact lying three and three on the above

four straight lines. It may be observed that the actual sign

of the quantities under the radicals in equation (1) of the last

Article depends upon which sign is taken with the coefficients

of By, ya, aß .

The process for finding tangent, intercepts, centre of conic,

&c. is similar to that already exhibited in the last Chapter,

and need not be repeated .

59. Brianchon's Hexagon : the three opposite diagonals of

every hexagon described about a conic concur.

The method of proof is quite similar to that already ex

hibited. Let three sides be produced for the triangle of

reference ; ABCDEF the hexagon ; AB, CD, EF the sides

produced.

If ha +mb +ny = 0

be the equation to AF,

Loa + m 3+ 4Y = 0

to that of BC, and

lga + mp3 + Y = 0

to that of DE ; then the diagonals AD and FC will be repre

sented as follows :

The point A,

D,

y = 0, and La + m , b = 0 ;la

a = 0, and mgB + 12 y = 0 ;

=12

(AD) , 1,mga tm , mgß + m ,Ngy = 0 ;

(FC ), nga + n ,my + n ny = 0) ;

(BE ), lal, a + izm , ß + lg nz y = 0.

Hence, (Art. 8) ,

= 0.4 mg my mz ming

li ng nym, ny ng

1,1 1, т . 1, п .

1
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1

>
The condition that the three lines AF, BC, and DE shall

touch the conic

vla+ mß + ✓ny == 0

is found by first finding the condition of tangency of each of

these lines , which is, for AF,

1

1 nm

+

mi

+

= 0 ;

N1

m n

for BC,

+

+

ly
= 0) ;

naM2

m n

for DE ,

l
a +

+ 0 ;
13 т3 13

1

and therefore 0,

1

ly

1

le

1

mi

1

п ,

1

ngniz

1 1

mg п3

which, it is seen, is the same condition as above.

From what follows on reciprocation it will be evident that,

by reciprocating Pascal's Theorem, Brianchon's Theorem may

be obtained.

60. It is proper here to notice a different form of notation

which is frequently employed in this subject.

Suppose f (a, b, y) = 0 to represent the equation to the

curve, and $1 , S2, Sg the direction-sines of the tangent at the

point (an , Bi, Y) ; (a , b , y) any point on the tangent; and h

the distance between these two points . Then , following the

reasoning of Art . 48 , the intercepts on h will be given by

substituting the new values ,

a = a + 8h, B = , + sah , y = yı + sgh ,,tsh
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in the above equation ; that is, by

f (0 , + sh, fi + sah, Yi + szh) = 0,

which , when expanded as we have already seen in the Article

referred to, will consist of some function of ( an, Bu yı ) , a co

efficient of h, and a coefficient of hạ which is some function of

the direction -sines, or

f ( «,, B vs) + hºf(81,82, 83) + h (
$1

df

da ,
+ S2

df

dB ,
+ S3

df

dy
- ) = 0.

If now (an , Bu yı ) lie on the curve, we must have

=

f (au, Bu ) = 0 ;

also one of the intercepts becomes zero, and since the line is a

tangent the length of the chord is zero, that is, the coefficient

of h vanishes, and we have

df df
df

81 + S2

dp,

+ S3 = 0.

da, dri

By snbstituting for $1 , 8g, Sg their values, we shall obtain

twice the function in (au, Bu , y ) which = 0, that is,

df df
+ = 2f (a , bin) ,

dB,

df
ai

-da ,

+81
dri

as may be shown by taking the differential coefficients of

2

uai + vbi + wyỉ + 2u6171+ 20,7,9 , + 2w ,a,ß , = 0,2

in respect to an, B1, 71 respectively, multiplying the differential

coefficients by each of these coordinates and adding, when we

shall find that 2f (av , Bu, y ) = 0,

since (an, B1, yı) is supposed to be on the curve. There will

remain, therefore,

+ B : 0,
dß,

df af af
tya

da , dy
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the equation to the tangent at ( a , Bu , n ), since it expresses a

relation among the coordinates of any point in the line .

37

61. Polar of a point in respect to the conic.
.

Let the fixed point be (au , B1 , Yı) ; (az, Ba, ya ), (az,63, ys) the

coordinates of points of contact of tangents from the given

point. Then we can show, by an extension of the reasoning

of the last Article, that

>

af + ßedf df
dy +82

day' da ,

= 0

da,

1

is the tangent from (au , B , y ) to the point of contact (az, , y ) ;1

A

df
and likewise dg + B

df

db

+73

df

' dri

= 0

da ,

is the equation to the tangent at (ag, Bg, 7) . Therefore these

equations express the fact that the line joining these points of

contact is a locus whose equation is

df
ty.tp dß

df df
= 0,a

da , dri

that is, the polar with respect to the conic

f (a, ß, v) = 0 ;

or we may proceed otherwise. Defining the polar of a given

point as the locus of the intersection of tangents drawn to the

points of section by a straight line through the given point,

we should have for the equation through the three points in

the same straight line

a (B.72 - Bayı) + ß ( 7,0 , -ya ,) + y (a,ß -0,3 ). = 0 ... (1 ),

where (a , b, y) is the given point, (ag, B2, ya), (ay , Bu , y ) the

points of section in which any straight line cuts the conic.
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The intersection of tangents,

df df

a +B.

af = 0 ,tri dr
da dp

and
dfdf

02 +82 dy

+ Bd
f

da

= 0,
dB

df

dy

ala-a28.

( 2 ).

df df

da d8

will be

B.7.-271 yan - 7201

Equation ( 1) with (2) gives

df
+ ß

df df
ty

da de

a = 0.

dy

This equation being independent of a Bu xu ; Qg, B2, 7 , is

the relation at the intersection of the tangents ; it is therefore

the locus required, and, by definition , the polar of (a , b , y ).

62. Coordinates of the pole of a straight line in respect to a

conic.

Let fa + gB + hy = 0

be the equation to the straight line, and

• (a , , y ) = 0

to that of the conic. If (a , b, y) be the coordinates of the

required point, then its polar, by the last Article, is

do

+ B = 0 ;
da dß

,de to
a

do

dy

and since this is the same as the given line, we have

do do dф

da dB dy

f 9
h

that is,

ua + w ,ß + v.7 vB + U7 + wza wytv, a tu ß

f g
h

.ܪ

+ wy8 +
=
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Putting each member =
-

-S,
we bave

wa + w ß + vir + sf = 0,

uß +47 + w , a + sg = 0,

wy + via + up + sh = 0 ;
=

and consequently

a B

f 9 h f g
h f

Wi

γ

9
h

V Uy

W. Vi

Uy 10 u
Vi

Wi

1 21

Un WV

U Vi
u

which , with aa + 66 + cy = 24,

determine the coordinates required.

1

63. Centre of conic.

If the equation be (a, b , y) = 0,Y

and (an, Bu Yı) be the centre ; then the roots of

• (a, + sh, . + sh, Yi + sh ) = 0

will be equal and opposite in sign.

Hence, since the coefficient of h must vanish in the quadratic,

do do
+ S2 +S1

da ,

therefore
do

+
sodra= 0.

db

Bearing in mind the proportionality of 81 , 82, 8g , that is , the

relation as, + bs + cs; = 0,

do

da ,

do

dh ,

do

dy
we have 1 ,

a b с

which, fully written out, will give determinants similar in

form to those of the last Article, with a, b , c in place of

f, g, h, and an Bu % in place of u , 1, v .

>
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64. The conic will break up into two right lines when we

have the condition

= 0.U Wi Vi

U

Vi u w

W. V

For suppose the two lines into which

♡ (a , b, y) = 0
=

breaks up to be represented byпр

fa +gB + hy = 0,

fa + gB + hiy = 0.= .

Then will

♡ (a , b, y) = ( fa + gB + hy) ( fia +918+hr),

and de = f (f;a + g26th y) + fi ( fa + gB + hy ),
da

do

dy

do
with corresponding values for and

dB

to a principle already explained ( Art. 31 ),

Hence, reverting

do

da

do

dB

do

dy
0,

0
9 = 0 ,

are straight lines which pass through the intersection of the

given lines ; that is , the lines

u a + 2,18 + voy = 0,

w , a toß + uy = 0,

v ,a + 2B + wy = 0,
=

concur, and give the above determinant.

65. When some of the four points of intersection of two

conics become coincident, some of the common chords will
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coincide ; others will touch at a common point, that is, be

come tangents. There will, in general, be three pairs of

chords ; if two points coincide, the conics touch ; if

the two remaining points also coincide, the conics have double

contact and a chord of contact.

common

66. Equation to the asymptotes.

From Art. 64 we can easily form the equation to any pair

of common chords. Thus, if

• (a, b, y ) = Qa? + RB++ Sy + 2Q.By + 2R ya+2Saß = 0

and

(a , b, y) = ua + v6° +wy + 2u ,by + 20, ya + 2w, aß = 0

represent the two conics, the locus in question will have the

equation (Art. 31),

• (a , 3 , y ) + ko ( a, b, y) = 0 (1 ) ,

which must be so conditioned in k as to represent two straight

lines, hence ( Art. 64) *

.Q + ku 8 , + kw, R + kov = 0., ,

Si + kw, R + kv Qi + kuy

R, + lov + ku S + kw

=

u

If now ♡ (a, b, y) = 0 breaks up into two coincident

straight lines, as,

(fa + 913 + hy) ' = 0,

we shall find

W, V f

U g
( = U ),

Vi U1
h

9
h 0

k =

W1 Vi

W1 Uy ( = w),

V U

Wi V

w

f

u

v

w

* Ferrers, p. 85.
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=

or

which, substituted in ( 1 ) , gives

(a, b , y ) W + U. (a, b, y) = 0,

( fa + gB + hy) W + U°. (a , b, v) = 0 .... (2 ).(

This equation now represents, under the above condition,

not a pair of common chords, but a pair of common tangents

whose chord of contact is

fa + gB + hy = 0.

=

a

V Wiv 2 6

w C

a C

We have now only to introduce the condition that the chord

of contact is at infinity ; that is , that

aa + bf + cy = 0 ;

wherefore (2) becomes

(aa + bB + cy) ' u W. v 1 + $ ( a, b, y) u w, vv , = 0,

W, U1

01 U1 VI U w

b 0

which is the equation of the asymptotes.

Cor. 1. - Since every parabola has one tangent altogether at

an infinite distance, the vanishing of the second determinant

in the above equation expresses the condition that the conic

may be a parabola .*

Cor. 2.-The conic will be a rectangular hyperbola when

the asymptotes are at right angles to one another ; that is,

when ( Art. 14) the two straight lines into which the conic

breaks are subject to the condition of perpendicularity,

11, - (mn, + min ) cos A + mm, - (nl + nyl) cos B

+ nn , - (im , + 1, m ) cos C.

In other words, if the conic be

01 (a , b, y) = 0,
=

* Salmon's Conics, p. 224 .
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the required condition becomes

u +to + w — 2u, cos A- 2v, cos B— 2w , cos C = 0.

!

a с

are =

DEF. W is called the discriminant of the function

di (a, f, y) , and U the bordered discriminant of the same

function (D. 43) , where f, g, h, as the coefficients of a , b, y,

b

2A 2A 2A respectively. For the conic,
' '

la ' + m3a + nye = 0,

W= lmn,

1

U = - (a'mn + binl + cʻlm )
413 '

Numerous other functions may be determined.

167. Space does not permit extended illustration of the use

of the abridged notation thus far exhibited. The reader can

easily apply it. For instance, if the function be q. (a, b, v) ,

and we wish to express the equation of the straight line at

infinity in terms of the derived functions, the required equa

tion might be written

fddu + g +1001 = 0 ;= )
dB dy

d
th do

da

and since aa + bB + cy = 0 ...... ... (1 )

represents the straight line at infinity, we have

uf + wig + vh _ wif + vg + uh

b

vf + 9 + wh

a C

These equivalents represented by -k give us

uf+ w, 9 + vh + ak = 0 .................. (2) ,

(3) ,wif tvg + uh + bk = 0 ............

vif + ung + wh + ck = 0 ........... . (4) .......
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Eliminating now between (1) , ( 2 ) , (3) , (4) , we obtain

the condition that the minors of the bordered discriminant in

respect to its f, g, h are proportional to f, g, h of the given

equation, which minors being represented by A, B, C , the

equation becomes

do,
A

da ap

dpi + B tod
o

, = 0

dy

as the straight line at infinity.

68. The equation of the nine- point circle.

We first find the condition that the conic

+ S3
=

ua + vß? + wy2 + 2u,By + 2v,ya + 2w, aß = 0

may represent a circle. If the conic be a circle, f ( 81, 82, 83)

is constant, that is , all diameters will be equal ; and since, in

the equation for finding the lengths of the intercepts,

df df

f(a, b,y) + h (4 + 8
df

$1 + Đf(s, 8x, ) = 0,
da de dy

the coefficient of h vanishes, we have

f(a, b, v) + h’f ( S1, S2, S3) = 0,

which gives the radius in the given direction . To reduce this,

we may express the condition that diameters in three direc

tions ( that is , directions of the lines of reference ) are equal.

We have, therefore, to express this,

h = f (a,b, y) = f (a, b, y) = f (a, b ,v).
f( ) fy) f(x)

= v

Wherefore f (x) = f(y) = f( ) ;
-

or, for direction of BC,

x = 0, $ , = sin C , 8z = -sin B.

Hence
f (x ) = f(0, c, -b) .

F
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Similarly , for CA and AB,

f(y) = f (-0, 0, a) ,

f ( ) = f ( b, -a, 0) ,

from the proportionality of sin A , sin B, sin C.

Hence we have the two conditions,

vce + wbº - 2u,bc = wa® + uc*— 2v.ca = ula+va-2w ,ab.

In the second place, we see that , if the curve pass through

the middle points of the sides of reference, a, ß, y must in

succession be taken 0 ; whence-

vca + wb + 2u, bc = 0

wa' + uc+2v, ca = 0?

ubº + va’ + 2w ,ab 0

... (1),

-

W, ab

which follows from the condition involved, that

bß = cy = aa .

Comparing the two sets of equations, we find

= vica = uzbc.

Hence, if equations (1) are true, they will hold whatever the

value of uz. Let u = -a.

The resolution of these equations gives

2a cos A,

v = 26 cos B,

w = 2c cos C.

U =

Hence the circle which passes through the middle points of

the sides of reference (the nine-point circle) becomes

-

a’ sin A cos A + 62 sin B cos B + y2 sin C cos 0

– By sin A ya sin B – aß sin C = 0,

or a sin 2A + B sin 2B + y sin 20

- 2By sin A – 2ya sin B - 2af sin C = 0.—
-
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-

Cor. 1.-If now a = 0,

Ba sin 2B + y sin 20 2By sin A = 0.

But since 2 sin A = 2 sin (B + C),

62 sin 2B + y sin 2C – 2by (sin B cos C + sin C cos B) == 0.

This breaks up into the factors

(B sin Bey sin C) (6 cos B -y cos C) = 0.

The circle therefore meets BC in two points.

The one when, by the hypothesis,

: 0 , bp = cy, i. e . , B sin B = y sin C,

which determines the middle of BC.

The other is evidently when

0, ß cos B = y cos C,

the foot of the perpendicular from A. Similarly for the other
sides.

a

1

a

Cor. 2.-The last equation of this Article shows that the

nine-point circle passes through the points of intersection of

the circumscribed circle and the circle in respect to which the

triangle of reference is self-conjugate.

Cor. 3.- The difference between the equations of the cir

cumscribed circle and the circle through the middle points of

the sides of the triangle is

a cos A + B cos B + y cos C = 0 multiplied by a constant,

since uż sin 2A + 62 sin 2B + y2 sin 20

(a cos A + B cos B + y cos C) (a sin A + B sin B + y sin C) .

But a sin A + B sin B + y sin C is a constant, and there

fore a cos A + B cos B + y cos C = 0) is their radical axis,

or the homological axis of the triangle of reference and that

formed by joining the feet of the perpendiculars .

COR. 4 . - By similar reasoning we find that the same

circle passes through the middle points of the sides of the
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triangles of which the point of intersection of perpendiculars

is the vertex. Nine points are therefore determined.

POLAR RECIPROCALS.

.

>

69. Reciprocation -- the principle of duality, or that analysis

( or synthesis ) which, while determining the distribution of

points, coordinately fixes the position of lines - though of great

interest, is altogether too large a subject for this Tract . Some

theorems may be introduced. In general, we may say that

to reciprocate involves interchanging " angular points " for

“ sides," " inscribing " for “ circumscribing," " join " for " in

tersect, " & c. & c .

For instance, if the well-known theorem , that “ If two

triangles be inscribed in a conic, their sides will be tangent to

a conic,” be reciprocated, we may write, “ If two triangles cir

cumscribe one conic, their vertices will lie on a conic .”

This proof and its reciprocal may be exhibited by a common

process in triangular and tangential coordinates (Arts . 24, 27) .

Let vertices of one triangle (sides of the same) be represented

by (P1 , 91 , rı ), (P2, (2 , 1) , ( P3, 73, 7:) ; let the other be the

triangle of reference, and suppose

f ( p, , 1 ) = 0r

the tangential equation of the conic passing through the points

of reference ; or the equation may be represented in both

systems by lar + mpr+ npq = 0.

Then the equations to the one triangle will be

lp

P2P :

+mg nr

+

9293 1*21*3

: 0 ,

17lp
+
mq

+

P3P1 9321

: 0 ,

1371

ጎረትlp та
+

Pi ??? 2192

+

= 0.

7772
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7
5

>By comparing (Arts . 56, 57) , we see that by this form of

representation the inscribed conic ( circumscribing ) may be

expressed by

✓ Ip + ✓Mq + Nr = 0 ;

that is , this conic will be inscribed in ( circumscribe) both

triangles provided the conditions of tangency be satisfied,

=

m n

LP2P8 M9293 Nr.13 = 0+ +

1

Lр, Р. Mq: 81
+ +

i

M9192 ,
+

Nrl = 0
( 1 ) .

m n

LP,Pet
Nr1 = 0

m n

But since the given points ( P1 , 91, 91, &c. ) , (vertices) ,

lie by hypothesis on the conic, the condition must be ex

pressed by

1 1 1

= 0,

Pi 21 ?1

1 1 1

P2 92 12

1 1 1

P3 23 13

which condition satisfies equations (1) , and proves the theorem

and its reciprocal. The determinant follows, it is evident, as

the eliminant of the equations,

272 n1
+

Pi +

0,

21 71

l ' па. n

+

+

= 0,

P2 92 72

1 m 12

+ +

=

= 0.

P3 93 r3
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70. If m, n, p , q are the poles of the sides of a polygon

abcd, then the points a, b, c, d are the poles of the sides of

the polygon mupa.

The conic with respect to which the poles and polars are

taken is the auxiliary conic.

The reciprocal of a conic is a conic.

By Art. 60 , the polar is given by

do do

da db

a
*веф

to = 0.
dy

If therefore ( f, g , h) be any point on the reciprocal curve,

its polar with respect to the auxiliary conic,

Va* + VB + W7 = 0 .... ( 1),

will be given by the equation

Ufa + VgB + Why = 0 ............ .... (2) .

Let the conic to be reciprocated be

la? + mpa + nyi = 0 (3) .

To find the condition that (2) may touch ( 3 ) , we eliminate

a between the equation of the conic and the line ; and if the

line be a tangent, the values of P : y must be equal (Art . 57 ) ,

and we obtain

Uf Vg Wah ?

2

1

+ +

= 0.

m n

1

This being of the second degree, giving two points of intersec

tion of the straight line, is a conic, and is the reciprocal of (3)

with respect to ( 1 ) .

71. Two straight lines are conjugate when each passes

through the pole of the other . Required to express this con

dition. Let fia + 9B +hy = 0,

f , a + 92ß + h, y = 0,
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be the two lines. Then ( Art. 62) we may express the condi

tion by the equation

=

= 0,

91

do do do

da” da dß da dy

do do

dß da dB2 updy

dao

dy da dy dß dy²

f 92 h ,

d¢ da
hi

0

where o ( a, e , v ) = ua + upa + wy! + &c .?
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